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Abstract. We consider a four compartmental epidemic model which generalizes some tuber-
culosis models from the literature. We will obtain sufficient conditions for the global stability
of the endemic equilibrium by using a generalization of the Poincaré-Bendixson criterion for
systems of n ordinary differential equations.
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1 Introduction

In the context of tuberculosis (TB) mathematical modelling, [12], in 2005 A. Ssematimba
and his coworkers, [26], formulated a mathematical model based on previous work by Z. Feng,
C. Castillo-Chavez and coauthors, [11, 13, 14]. In [26] the study focalizes on the size of the
area occupied by a population affected by TB in order to eradicate the disease. The results are
then applied to the case of Internally Displaced People’s Camps (IDPCs) in North Uganda.
More recently, C. P. Bhunu and his coworkers, [4], considered a more general tuberculosis
model including the exogeneous reinfection and the treatment. The importance to take into
account of exogenous reinfection has been stressed in [13]. Indeed, a TB model with reinfection
is more realistic and its dynamics is richer. For example, backward bifurcation can occur. The
treatment is represented by extra linear terms in the model.

In [4] the problem of finding conditions ensuring the global stability of endemic equilibria
is left open.

In [10], a four compartments tuberculosis model has been introduced which can be thought
as a generalization of the models considered in [4, 26]. In fact, it incorporates and combines
(i) the mechanism of the exogeneous reinfection as in [4]; (%) a parameter for the size of the
area occupied by the population as in [26]. In [10], the analysis focalizes mainly on bifurcation
theory. In particular, sufficient conditions ensuring the occurrence of a backward or a forward
bifurcation have been obtained. The application to IDPCs given in [26] has been then revisited.

An important epidemiological issue is to evaluate if the disease may be eradicated or not
from the community. This issue may be mathematically attained by performing a stability
analysis of peculiar solutions as steady states, or equilibria. The so-called geometric approach
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to global stability is a powerful tool to obtain sufficient conditions for global stability of endemic
equilibria, namely equilibria with all positive components. It is a generalization of the Poincaré-
Bendixson criterion for systems of n ordinary differential equations, due to M. Li and J.
Muldowney [19, 20, 22]. The majority of applications refer to epidemic models, as SIR, SEIR,
SEIS, SEIRS models (see, e.g., [1, 5, 9, 21, 23, 27]) although applications to other population
dynamics context may be found, [3, 6].

In a recent analysis on general three dimensional systems, it has been shown that the
mathematical structure of SEIR-like systems appears to be particularly suitable for the ap-
plications of the method, [7, 8]. Applications to four dimensional systems are still few in the
literature, [2, 16].

In [10], some results concerning with the global stability of endemic equilibria - obtained
through the geometric approach - have been provided. When dealing with four order differential
systems, this procedure becomes analytically quite involved so that in [10] it has been only
sketched.

In this paper, we reconsider the model introduced in [10] and perform the global stability
analysis through the geometric approach in all the details.

The paper is organized as follows. In Sec. 2 the TB model is introduced and some basic
properties are recalled. In Sect. 3, the Li-Muldowney geometric approach is used to study the
global stability of the endemic equilibrium. The results are discussed in the concluding section,
Sect. 4.

2 The model and its basic properties

In this section we will introduce the four compartmental TB model and summarize the basic
properties obtained in [10].

A community affected by tuberculosis is divided into four compartments: susceptibles
(S), treated but still susceptibles (T'), infectious (I), and exposed (F) (i.e. infected but not
infectious). The total population size at time ¢ is:

N@t)=St)+T(t)+1I(t)+ E(t). (1)
By using the mass action law, the infection rate is:
)\i:CiCCZ‘L i:1,273, (2)

where x1 = 5, x2o =T, x3 = E, ¢; is the effective contact rate between the infectious and the
individuals of the compartment z;, i=1,2,3. The dynamics of the disease is described by the
following system:
S=A—c1ST—uS
T=rE+rl —coTI—puT
E=cSI+cTI—c;EI—(u+r +kE
I=kE—(u+rs+d)JI+cFEI,

where the upper dot denotes the time derivative, d-/dt, and the terms not yet described are: the
recruitment rate, A; the natural death, p; the treatment rates for the exposed and infectious
individuals, 71 and r2; the rate at which the exposed become infectious, k; the disease-induced
death rate, d.

The solutions of (3) corresponding to non negative initial values remain non negative for
all time. Moreover, N=A- uN —dlI, so that we can study the model in the region:

®3)

D:{(S,T,E,I)eRi:S+T+E+Ig%}. (4)
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It can be easily seen that system (3) admits the disease free equilibrium

Py = (i 0.0, o) , (5)
1

on the boundary of D. If we set

RO _ kClA

Cp(p k) (p e+ d) ©

the following stability theorem for Py may be proved [10]:
Theorem 1. The disease free equilibrium Py is locally asymptotically stable when Ro < 1,
and unstable for Rop > 1.
Now denote with P* = (S*, T*, E*, I'") the generic constant equilibrium with positive
components. From (3) it follows:
* A
o c1 I* + ,u’
T — [ri(p 4712 +d) + 12k +roc3 I*] T*
(caI* 4 p) (s I* + k) '

«  (pHr+dI”
E =, 9
(03 I* + k’) ( )
and I given by the real positive solutions of the following algebraic equation:
Az’ +Ba*+Cax+ D=0, (10)
where,
A=—(pu+d)cicacs,
B = %Ro —cipag (c2 + c3) — co (u+d) (c1k + cap) ,
C= Ma;ao Ro (c2k + cap) — povo [ (c2 4 ¢3) + arer] — (u + d) kpce, (11)

D= /12Ot00t1 (Ro — ].)7

and ap = pu+d+ry, 01 =p+r +k.
The existence of endemic equilibria, according to the values of Ry, is described by the
following theorem [10].

Theorem 2. Let inequality

d y
(31<62—|-(33ﬁ—02kuJr —HM: (12)
k [e7sYe 51 a

holds. Then system (8) admits zero or two endemic equilibria when Ry < 1, whereas it admits
a unique endemic equilibrium when Ry > 1.

3 Global stability of the endemic equilibrium

In this section, we will use the geometric approach to study the global stability of the
endemic equilibrium [19, 20, 22]. Due to technical difficulties, applications to four dimensional
systems are still few in the literature, [2, 16]. Here we follow the approach used in [16] for a
SVEIR model of severe acute respiratory syndrome (SARS) epidemic spread.

As far as we know, all the applications available in the literature do not completely report
all the involved theoretical cases into details. Here we choose to explicitly report all of them,
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in order to give an exhaustive framework to those interested in applying the method to similar
models.
Consider the autonomous dynamical system:

i= f(x), (13)

where f : D — R", D C R" open set and simply connected and f € C*(D). Let z* be an
equilibrium of (13), i.e. f(z*) = 0. We recall that =™ is said to be globally stable in D if it is
locally stable and all trajectories in D converge to z*.

Let Q(z) be a (3) x (3) matrix-valued function that is C* on D and consider

A=QrQ T +QMQ™,
where the matrix Q; is
(i3 ()1 = (9gi;(x)/02)" - f(x) = Vai; - (=),

and the M is the second additive compound matrix of the Jacobian matrix J. Consider the

Lozinskil measure 7 of A with respect to a vector norm || - || in R, that is:
_ . I+ hA||
A) = tim TERAL
a(4) = lim —0p

We will apply the following [20]:

Theorem 3. [20] If D1 is a compact absorbing subset in the interior of D, and there exist
v > 0 and a Lozinskii measure fi(A) < —~ for all x € D1, then every omega limit point of
system (3) in the interior of D is an equilibrium in D;.

Theorem 2 states that Ry > 1 and (12) imply the existence and uniqueness of the endemic
equilibrium FE. Further, we know that Ry > 1 implies that the disease free equilibrium FEy is
unstable. The instability of Ey, together with Fy € 9D, imply the uniform persistence of the
state variables, [15], i.e. there exists a constant ¢ > 0 such that:

liminf; ooz (t) > ¢, ©=1,2,3,4.

The uniform persistence, together with boundedness of D, is equivalent to the existence of a
compact set in the interior of D which is absorbing for (3), see [17]. Hence Theorem 3 may be
applied, with D = D.

Remark 1. As we have shown in [10], model (3) may admit backward bifurcation. As
stressed in [1], for cases in which the model exhibits bistability, the compact absorbing set
required in Theorem 3 does not exist and an alternative approach must be used. That is, a
sequence of surfaces that exists for time € > 0 and minimizes the functional measuring surface
area must be considered. The analysis of the global dynamics in the bistability region may be
approached as it has been done in [1] for a three dimensional model.

According to [24], the Lozinskil measure in Theorem 3 can be evaluated as:
H(A) = inf {k : D4||z|| < k||z||, for all solutions of z’ = Az},

where D is the right-hand derivative. When Ry > 1 the endemic equilibrium is locally stable.
Hence, in order to apply Theorem 3 and get the global asymptotic stability, it is necessary to
find a norm || - || such that ©(A) < 0 for all z in the interior of D.

We begin by recalling that, for a general 4 x 4 matrix,

ail a2 a3 ai4
az1 Q22 @23 Q24
aszr  as2 a3z as4
a41 Q42 Q43 Q44
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the second additive compound matrix is given by:

a1l + as2 a3 a4 —ai3 —a14
as2 a1 + ass asq a2 0
a42 a43 a1 + aaq 0 a2
—asi a1 0 a2z + ass asq
—a41 0 a1 a43 a22 + Q44
0 —a41 asi —Qa42 a32

Hence, the second additive compound matrix of J is given by:

Myy M2 M3 0 Mis 0

M2y Maz  Ma3 0 0 Mo
0 Mso  Mss 0 0 0

M41 0 0 M44 M45 M46
0 0 0 Mss Mss Msg
0 0 M63 0 M65 M66

where,

M11 = —01] — CQI — 2/1, M21 = CQI; M41 = —01]; M12 =T1;

87

0
—aiq
ais
—az4
a3
ass + a44

MQQ :—61]—631—2/.L—T1 —.l{?; M32 :k+C3I; M13:7‘2—CQT;
M33 = 701[+63E — Z,LL —Tro — d; Meg = 61]; M44 = 762] - C3I — 2,U, —ry— k;
Msy =k + csl; Ms = Cls; Mys = c1S + coT —csE; Mas =15 + c2T — c3F;

Mss = —col +csE —2pp—1r2 —d; Mes = c2l; Mg = c15;

Mus = —ro2+c2T; Mseg =11; Mes = —c3l +c3E—2u—ri —k—ra—d.

Consider now the matrix:

oo oo

1/I 0

0
0
0
0
/
0 1/I

(14)

Then we get the matrix A = Q;Q* +QMQ™!, where Q7 is the derivative of ) in the direction

of the vector field f. More precisely, we have:

QsQ ' = —diag(E/E, E/E, E/E, I/1, I/1,1/I)

M1 M2 0 MisL  MisL
Mz Moo 0 Mas + 0
—1_ | Mau 0 My 0 Mas L+
QMQ = 0 MsZ o0 Mss 0
0 0 M54% 0 M55
0 0 0 Mes Mes

Hence, taking into account that,
E

I E
YZkY—(N‘FTz“Fd)'FCSEv

E I I
:clSE+02TE—03I—(u+r1+k),

0

I
MQG?
M46E

0
Mse
Mses
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we obtain:
A A 0 Ay Ais O
A1 Az 0 Aas 0 A
A— Az1 0 Az 0 Aszs  Ase
0 Ao 0 Ay 0 0
0 0 As3 0 Ass Ase
0 0 0 Ass Ass  Ass
where,

A11:—615%—CQT%+(03—C1—Cg)[-ﬁ-rl—l—k—u;

Aoy = col; Asi = —al; Az = —cil, Az =r1;
AgngclSéfCQTéfclff,u; A42=l€%+63E;
AgngclséchTéfcszu; A53:]€%+63E; A14:(T2702T)%;

Aoy = (Cls =+ CzT)é - Cg[; Ay = 7k% —c1l — 1 A64 = 61[; A15 = (Cls)é;
Ass = (1S +e2T)g — sl Ass = —kT —cal —p; Ags = I3 Aze = (c18) 53
Aseg = (—r2 + CzT)é; Ase =113
AGGZ—k%—Cgl—M—T’l—k.
As in [16], we consider the following norm on R®:
|z]| = max {U1, Uz}, (15)
where z € R®, with components z;, i = 1,...,6, and
max {|z1], [22| + [23]} if sgn(e1) = sgn(z2) = sgn(zs)
Us(21, 22, 2) = max {|z2], |21| + |z3|} if sgn(z1) =sgn(z2) = —sgn(z3)
= max {|z1], |22], |23]} if sgn(z1) = —sgn(z2) = sgn(zs)
max {|21| + |23, |22 + [23]} if —sgn(21) = sgn(z2) = sgn(zs)
|za| + |25| + |26] if sgn(zs) =sgn(zs) = sgn(zs)
UaCors ey — 4 {21+ laals ool +[2al} i sgn(za) = sgnlzs) = —sgn(z0)
e max {25/, |24| 4 |26|} if sgn(z4) = —sgn(2s) = sgn(ze)
max {|z4| + |z6|, |25| + |26]} I —sgn(za) =sgn(zs) = sgn(ze)

In the next, we will use the following inequalities:
lz2| < Ur, |z3| <Ui, |22+ 23] < Ui,

and
|Zi|, |Zi-|-Zj|, |Z4+Z5—|—ZG|SU2(Z); i =4,5,6; ’L#]
Moreover, we assume that:
c1 > C2 > C3. (16)
These inequalities will be used to get the estimates on D ||z||. However, some more restrictive
conditions will be adopted in the statement of the global stability theorem later (inequalities

(49))

Casel: Uy > Uz, z1,22,23 >0, and |z1| > |22| + |23|. Then:
llzl| = [21], (17)
so that

Dillz| =2
= Anz + Aiozs + Arazs + Aiszs
< [7015’% 7C2T%+(C3 - 702)I+r1+k7,u] |z1]+

+71 |22| + [(7"2 + CzT)é] |za] + (C1S)é |z5].
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Using |z4] < Uz < |21], |z5| < U2 < |21], |22] < |21], and (17), it follows:
Dyllzll < [2ri+k—p+(es—c—e) +r25] 2] (18)
Case2: Uy > Ua, 2z1,22,23 >0, and |z1] < |22]| + |23]. Then:
2]l = l22] + [23], (19)
so that

Dy llzl| =23+ 23
< (e —c)I|z1| + [fclsé 7CQT% fclff,u] |z2|+
+[—clsé—02T§—621—p] |z3]|+
+ S L +ceaT L] |za+ 25 + 26| + sl |za + 25| + ra % |26].

Using now  |z4+ 25+ 26| < Uz < |22| 4|23, |za+ 25| < Uz < |22| 42|, |26] < Uz < |22 +]2s],
and taking into account of (16) and (19), one has:

Dyllz] < [~p+r2L] |l (20)
Case3: Uy > Uz, 21 <0, 22,23 >0, and |21 > |22|. Then:
Il = |=1] + |21, (21)
so that

D4 ||z —21 4+ 2%

[~e1S £ —caT £ + (cs —c2)] + 11+ k — p] |21| — r1|22|+
+ a1 S £ —caT £ —col —p) |zs| + caT % |22 + 25 + 26|+
+r25 |24 + 26| + 31 |25].

IA

Using |za + 25 + 26| < Uz < |z1| + |23, |24 + 26| < U2 < |21| + |23, |25] < U2 < |21] + |23,
and —r1]z2| < r1]|22] < ri|z1| and taking into account of (21), it follows:

Dillall < [k+2m —p+ (2cs —c2) T +72L] |1, (22)
Cased: Uy > Uz, 21 <0, 22,23 >0, and |z1]| < |22|. Then:
2l = 1221 + |21, (23)
so that

Dy ||lz|| =25+ 25
<(c1 —e)I|za| + [7015% 7C2Té fcllfu] |z2]+
+[-aSL—caT L —col —p 23|+
+[C1S%+62Té] |Z4+25+26|+C3I\Z4+25|+T2é|26\-

Using |21 + 25 + 26| < U2 < |z2| + |23], |24 + 25| < U2 < |z2| + |23], |2z6] < Uz < |22] + |23],
and in view of |z1| < |22], (16), (23), it follows:

Dillall < [(es— ) — it s L] . (24)
Caseb: Uy > Uz, 21,22 >0, 23 <0, and |z2| > |z1| + |z3|. Then:

2]l = |22, (25)
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so that ,
Dyz| ==
<col|z1] + [fcl S% — CQT% —c1l — ,u} |z2|+
+ [cl Sé} |za + 26| + [CQT% + 031] |z4].
Using |24 + 26| < Uz < |22], |24] < Uz < |2z2| together with |z1| < |z2| and (25), it follows:
Dyllzll < [(c2+es—c)l —p] [z (26)
Case6: Uy > Uz, 21,22 >0, 23 <0, and |z2| < |z1| + |23]|. Then:
lzl| = [21] + |2s], (27)
so that

=z

<[~aS4—cT L+ (s—c)l+r+k—p]|z|+riz|+
+[—ea1SL—caT £ —col —pl|zs| +caT % |za + 25 + 26+
-H“zé |24 + 26| + ¢3! |z5].

Using |Z4 + 25 + 26| < Uz < |Z1‘ + ‘23‘, |Z4 —I—Ze‘ < Uz < |z1| + |2s], ‘Z5| < U < |az1] + |Z3|7
ri|zz| < ri(|z1| + |z3|) and taking into account of (27), it follows:

Dyllzl| < [k+2r —p+ (23 —c2) [ +r25] |zl (28)
Case7: Uy > Ua, 21,23 >0, 22 <0, and |21] > max {|22],|23]}. Then:
2]l = |21, (29)
so that

=z
< [—C1Sé—CQT%+(63—Cl—62)I+T1+I€—M} |z1] + 71|22+
+ [(r2 + c2T) %] |za] + (€1 S %) |25]-

Using |z4| < Uz < |21], |25] < Uz < |z1] and 71]22] < ri|z1], it follows:
Dillz]l < [k+2r—p+(cs—c1—ec2) [ +r2g] |zl (30)
Case8: Uy > Us, 21,23 > 0, 22 <0, and |22| > max {|z1], |23|}. Then:
2]l = [22], (31)
so that ,
Dillall = -2
<cllal+ [-a1SELt —caT £ — il —p] |z|+
+ [Cl Sé} |Z4 + Zsl + [CQT% + Cg[] |Z4‘.
Using |z4 + 26| < Uz < |22], |z4] < Uz < |22| and in view of |z1| < |22|, (31), one has:
Dillzll < [(ca+es—e)l —pl =] (32)
Case9: Uy > Uz, 21,23 >0, 22 <0, and |z3] > max {|z1], |22|}. Then:
] = |z, (33)
so that

< —cll|z]+ [fclsé 7CQT% 7C2[*/,L:| |z3]+
tc2 T Ll|zs + 26| + (c1 S % + csl) |25 + 2L ).
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Use |25 + 26| < Uz < |23|, |25| < Uz < |z3], |26] < U2 < |z3], and in view of —eq1 |21] < 0,
(16), (33), it follows:

Dy izl < [(es — o) =+ rak] |l (34)
Casel10: Uy < Usz, z4,25,26 > 0. Then:
lzll = |za] + |25] + |26], (35)
so that
Dy llzl| =24+ 25+ 2z
< (k2 + esE) |22 + 23| + (=kZ — 1) (Jza] + |25])+
+ (—k% —pu—k— 031) |z6].

+

Using |22 + 23| < U1 < |z4| + |25] + |26], along with —(csI + k)|z6] < 0 and (35), it follows:
Dy |zl < (s —p) =] (36)
Casell: Uy < Ua, 24,25 >0, 26 <0, and |z5] > |26|. Then:
2]l = |za| + |25], (37)

so that
Dy |lz|| =21+ 2
< (kZ + 3E) |22 + 23] + (=kE — 1) (|za] + |25])+
761[|Z4| — CQI|Z5| =4 T1|ZG|.

Using |z2 + 23| < U1 < |z4| + |25], |26] < |25] + |24], and in view of —c1I|z4] < 0, —c2l]z5] <0
and (37), one has:
Dillzll < (esB+r—p) (2] (38)

Casel12: Uy < Uz, 24,25 >0, z6 <0, and |25| < |z¢|. Then:
2]l = |za] + |26], (39)
so that

Dyllzll =z — 2
< (k2 + csE) |22 — (kZ + 1) (|2a] + |26]) — 2¢11|24] — c2T |25]+
—(r1 + k + csl) |z).

By using |z2| < U1 < |z4| + |26| and from (39), it follows:
Dillz] < (3B —p) ||zl (40)
Casel3: Uy < Ua, za4,26 >0, 25 <0, and |z5]| > |z4] + |26]. Then:
2]l = [z, (41)

so that
Dy ||zl

/
= —2z5
< (k% +03E) |z3] — (k% +czl+,u) |z5| — 7r1]26].
By using |z3| < U1 < |z5| and from (41), it follows:

Dyllzll < (csE —p) [|z]. (42)
Casel4: Uy < Uz, 24,26 >0, z5 <0, and |z5] < |24| + |26]- Then:

2]l = 24| + [26], (43)



92 B. Buonomo and D. Lacitignola

so that
Dy lzl| =21+ 2
< (kF +esE) |22| = (K7 + 1) (I2a] + |26])+
7CQI|Z5| — (T’l + k +C5I) |Z(,|

By using |z2| < U1 < |z4| + |26] and from (43), it follows:

Dyzl| < (csE—p)|z]. (44)
Case15: Uy < Uz, 25,26 >0, z4 <0, and |z5| < |z4|. Then:
lzll = |za] + |26], (45)

so that
Dyllzl] = —24+ 26
< (kE + 3E) 22| — (k% + 1) (|2a] + |26])+
+eol |z5| — 2¢11 |za| — (r1 + k + c31) |26].

By using |z2| < Ui < |z4| + |26], and |25| < |24], taking into account of (16) and from (45), it
follows:
Dillz]l < (s —p) [zl (46)

Case16: Uy < U2, 25,26 >0, z4 <0, and |z5] > |24]|. Then:
lzll = |25] + |26], (47)
so that
Dillall =+ 2
< (k% + 63E) |z3] — ead |za|+
— (K% + 1) (J2s] + |26]) — (cal + k) |ze]-
By using |z3| < U1 < |z5| + |z6| and from (47), one has:

Dzl < (3B —p) [zl (48)

Now let us assume that:
c1>ca+c3, c2>2cs. (49)
Such inequalities are stronger than (16) and implies that the linear coefficient of I in the
sixteen estimates of D4 ||z|| above, are negative. In this way, the inequalities (18), (20), (22),
(24), (26), (28), (30), (32), (34), (36), (38), (40), (42), (44), (46), (48) may be combined to get
the following:

Dy |zl <max{—p+ri+cE, —p+2r1+k+ras} |z]. (50)

We can summarize the results obtained above with the following sufficient conditions for
the global asymptotic stability of the endemic equilibrium:

Theorem 4. For Ry > 1, system (3) admits an unique endemic equilibrium which is
globally asymptotically stable in the interior of D, provided that inequalities (12) and (49) are
satisfied, and that:

I
max{—u+r1+03 sup E, —pu+2r1 +k+ 72 sup }<—l/ (51)

te(0,00) te(0,00)

for some positive constant v.
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4 Discussion

This paper deals with a specific aspect of a tuberculosis model: the global asymptotic
stability of the endemic equilibrium. Biologically speaking, this analysis gives the conditions,
written in terms of the parameters of the system, under which the TB cannot be eliminated
from the community. From a mathematical point of view, it represents a quite difficult task
because of the high dimensionality of the system. Here, we have applied the method of Li and
Muldowney, say the geometric approach to global stability for n dimensional systems.

Following the strategy of costructing a suitable norm on R, described into details in [25]
and developed in [16] for a SVEIR model of SARS epidemic spread, we have obtained the
sufficient conditions for the global stability of the endemic equilibrium contained in Theorem
4.

In view of (51) it sufficies to set:

I
pw>max<ri+cs sup FE, 2ri+k+re sup — p. (52)
te(0,00) te(0,00)

Some of the sufficient conditions required by Theorem 4, precisely (49) and (51), or equivalently
(52), arise from the application of the method and numerical simulations suggest that they
are not necessary.

We can also show that some of the required inequalities are somewhat counterintuitive. In
fact, let us consider the case of no reinfection, i.e. let us set c3 = 0, and assume further that
ro = 0, that is only the latentely infected are treated (through chemoprophylaxis, case 2 in
[4]). Then, the assumption Ry > 1 becomes:

plp+r)(p+d).

k> ;
A — p(p+ d)

(53)
further, inequalities (49) reduce to ¢1 > ¢z and (52) implies p > k. This last suggests that
the global stability of the endemic state is supported by a small rate of progression to active
TB, which is in contrast with (53). A similar result is obtained also in [16] and well represents
the drawbacks of the geometric stability method, when it is applied to system with complex
structure.

However, we stress that the sufficient conditions for global stability we found here might
in principle be improved. In fact, the geometric approach to stability is based on two crucial
choices: the entries of the matrix Q and the vector norm in R, In our case, (14) and (15).

It can be seen, [22], that the stability condition stated in Theorem 3 is ensured by taking
the Lyapunov function V(z,z) = ||Q(z)z|| on the n + (3) - dimensional system given by (13)
and the second compound equation:

i = J¥ (). (54)

In fact, V negative definite is equivalent to condition 7i(A) < —v in Theorem 3, [22].

As finding Lyapunov functions is a matter of experience, thus the best choice for the
matrix and the vector norm can not be determined through a general way. Obviously, different
choices of the matrix @ and of the vector norm may lead, in principle, to better sufficient
conditions than the ones we found here, in the sense that the restrictions on the parameters
may be weakened.

Finally, we stress that the dynamics of model (3) may be very rich, including backward
bifurcation and bistability. Such issues have been investigated in details in [10], where this
model has been applied to the case study considered in [26].
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