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Abstract. In this paper we introduce the notion of generalised Cauchy-Riemann (GCR)
lightlike submanifolds of indefinite Kenmotsu manifold which includes invariant, contact CR,
contact screen Cauchy-Riemann (contact SCR) lightlike subclasses [12]. A condition has been
discussed for GCR-lightlike submanifold of an indefinite Kenmotsu manifold to be minimal.
We have also studied totally contact umbilical GCR-lightlike submanifolds. Examples of GCR-
lightlike submanifold of an indefinite Kenmotsu manifold have also been given.
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Introduction

In the theory of submanifolds of semi-Riemannian manifolds it is interesting to study the
geometry of lightlike submanifolds due to the fact that the intersection of normal vector bundle
and the tangent bundle is non-trivial making it more interesting and remarkably different from
the study of non-degenerate submanifolds. The geometry of lightlike submanifolds of indefinite
Kaehler manifolds was studied by Duggal and Bejancu [6]. They have also studied possible
lightlike submanifolds of indefinite Kaehler manifolds.

On the other hand, a general notion of lightlike submanifolds of indefinite Sasakian man-
ifolds was introduced by Duggal and Sahin [8]. Recently we defined the lightlike subman-
ifolds of indefinite Kenmotsu manifolds [12] and have studied Cauchy-Riemann and screen
Cauchy-Riemann lightlike submanifolds. Moreover, we obtained that there do not exist inclu-
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sion relation between these two classes. The objective of this paper is to define a generalised
Cauchy-Riemann lightlike submanifold of indefinite Kenmotsu manifolds, which includes in-
variant, screen real, contact CR lightlike subcases and real hypersurfaces.

In section 1, we have collected the formulae and information which are useful in sub-
sequent sections. In section 2, we have studied GCR-lightlike submanifolds of an indefinite
Kenmotsu manifold. In section 3, we have obtained the existence and non-existence conditions
for GCR-lightlike submanifolds of indefinite Kenmotsu manifolds and have given an example
of GCR-lightlike submanifold of R33. In section 4, we have studied minimal GCR-lightlike
submanifolds of indefinite Kenmotsu manifolds and have given an example of minimal GCR
lightlike submanifold in R3°.

1 Preliminaries

An odd-dimensional semi-Riemannian manifold M is said to be an indefinite almost con-
tact metric manifold if there exist structure tensors {#, V; 7, g}, where ¢ is a (1,1) tensor field,
V a vector field, n a 1-form and g is the semi-Riemannian metric on M satisfying

{ P’X=-X+nX)V, noop=0, ¢Vv=0, nV)=1 (1)
9(9X,0Y) =g(X,Y) —n(X)n(Y), g(X,V)=n(X)

for any X,Y € TM, where TM denotes the Lie algebra of vector fields on M.
An indefinite almost contact metric manifold M is called an indefinite Kenmotsu manifold
if 5],
(Vxo)Y = —g(¢X,Y)V +n(Y)¢pX, and VxV =-X +n(X)V (2)
for any X,Y € TM, where V denote the Levi-Civita connection on M.
A submanifold M™ immersed in a semi-Riemannian manifold {Mm+k,§} is called a light-

like submanifold if it admits a degenerate metric g induced from g whose radical distribution
Rad(T'M) is of rank 7, where 1 < r < m. Now, Rad(TM) = TM NTM*, where

TM* = | J {u€ M :g(u,v) =0,vv € T, M} (3)

xeM

Let S(T'M) be a screen distribution which is a semi-Riemannian comlementary distribution
of Rad(T'M) in TM, that is, TM = Rad(T'M)LS(TM).

We consider a screen transversal vector bundle S(TM™), which is a semi-Riemannian com-
plementary vector bundle of Rad(T'M) in TM=. Since, for any local basis {¢;} of Rad(T'M),
there exists a local frame { N, } of sections with values in the orthogonal complement of S(T'M™)
in [S(TM)]* such that G(&;, N;) = 6;; and G(Ni, N;) = 0, it follows that there exists a lightlike
transversal vector bundle ltr(T'M) locally spanned by {N;}(cf.[6], pageldd).

Let tr(T'M) be the complementary (but not orthogonal) vector bundle to TM in TM .
Then

tr(TM) = ltr(TM)LS(TM™) A
{ TM|y = S(TM)L[Rad(TM) @ ltr(TM)] LS(TM™). )

A submanifold (M, g, S(TM), S(TM™)) of M is said to be
(i) r-lightlike if r < min{m, k};
) coisotropic if r = k < m, S(TM*) = {0};
(iii) isotropic if r = m < k, S(T'M) = {0};
) totally lightlike if r = m =k, S(TM) = {0} = S(TM*).
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Let V , V and V! denote the linear connections on M, M and vector bundle tr(T M), respec-
tively. Then the Gauss and Weingarten formulae are given by

VxY =VxY +h(X,Y), VX,Y e (TM), (5)
VxU = -AuX + VU, YU €T (tr(TM)), (6)
where {VxY, Ay X} and {h(X,Y), V4 U} belong to I'(TM) and I'(tr(TM)), respectively and
Ay is the shape operator of M with respect to U. Moreover, according to the decomposition

(4), h', h* are T(Itr(TM))-valued and T'(S(TM™))-valued lightlike second fundamental form
and screen second fundamental form of M, respectively, then

VxY =VxY +h(X,Y) +h*(X,Y),VX,Y € I(TM), (7)
VxN = —AnX + Vx(N) + D*(X,N),N € [(itr(TM)), (8)
VxW = —Aw X + V% (W) 4+ D" (X, W), W € T(S(TM™)), 9)

where D'(X,W) and D*(X,N) are the projections of V* on T'(ltr(T'M)) and T'(S(TM™)),
respectively and V', V* are linear connections on I'(ltr(T'M)) and T'(S(TM™1)), respectively.
We call V!, V* the lightlike and screen transversal connections on M, and Ay, Aw are shape
operators on M with respect to N and W, respectively. Using (5) and (7)~(9), we obtain

g(h'(X,Y), W) +g(Y, D'(X, W) = g(Aw X, Y), (10)
Let P denote the projection of TM on S(T'M) and let V*, V** denote the linear connec-

tions on S(T'M) and Rad(TM), respectively. Then from the decomposition of tangent bundle
of lightlike submanifold, we have

VxPY = VxPY + h" (X, PY), (12)
Vx&=—A{ X + VXE, (13)

for X,Y e I'(TM) and £ € I'(RadTM), where h*, A™ are the second fundamental form and
shape operator of distributions S(T'M) and Rad(TM), respectively. From (12) and (13), we
get

g(h' (X, PY),€) = g(A{ X, PY), (14)
g(h*(X,FYLN) = g(ANX,?Y), (15)
g(h'(X,6),6) =0, Ag=o0. (16)

In general, the induced connection V on M is not a metric connection. Since V is a metric
connection, by using (7), we obtain

(Vxg)(Y, Z) = g(h'(X,Y), Z) + g(h'(X, 2),Y). (17)

However, it is important to note that V*, V** are metric connections on S(T'M) and Rad(T'M),
respectively.

A plane section IT in T, M of an indefinite Kenmotsu manifold M is called a ¢-section if
it is spanned by a unit vector X orthogonal to V and ¢X, where X is non-null vector field on
M. The sectional curvature K (II) with respect to II determined by X is called a ¢-sectional
curvature. If M has a ¢-sectional curvature ¢ which does not depend on the ¢-section at each
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point, then ¢ is constant in M. Then, @is called an indefinite Kenmotsu space form and is
denoted by M (c). The curvature tensor R of M(c) is given by [5]

R, Y)Z = S22 g0, 2)X = g(X, )Y} + S n(X0n(2)Y = n(¥)n(Z)X

+9(X, 2)n(YV)V —g(Y, Z)n(X)V +g(¢Y, Z2)¢X
+9(0Z, X)¢Y —29(¢X,Y)pZ}  (18)

for any X,Y and Z vector fields on M.

Definition 1. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M,gq) is
totally umbilical in M if there is a smooth transversal vector field H € T'(¢r(TM)) on M,
called the transversal curvature vector field of M, such that for all X, Y € I'(T M),

h(X,Y) = Hg(X,Y) (19)

Using (7) and (19), it is easy to see that M is totally umbilical if and only if on each
coordinate neighbourhood U there exist smooth vector fields H' € T'(itr(TM)) and H® €
I'(Itr(TM™)) such that

R(X,Y) = H'g(X,Y) DYX,W) =0

h*(X,Y) = Hg(X,Y) VX,Y e (TM), W e T(S(TM™1)).

Similar to the concept of contact totally umbilical submanifold of Sasakian manifold in-
troduced in the book of Yano and Kon (cf.[10], page 374), we define:

Definition 2. If the second fundamental form A of a submanifold M, tangent to the
structure vector field V, of an indefinite Kenmotsu manifold M, be of the form

X, Y) = [9(X,Y) = n(X)n(Y)]e (21)

for any X,Y € I'(TM), where a is a vector field transversal to M. Then M is called contact
totally umbilical submanifold of M. Further if o = 0, then it is called totally geodesic.

(20)

The above Definition also holds for a lightlike submanifold M. For a contact totally um-
bilical submanifold M, we have

{ (X,Y) = [g(X,Y) = n(X)n(Y)]a (22)
R(X,Y) = [9(X,Y) — n(X)n(Y)]as

where as € T(S(TM™)) and oy € T'(itr(TM)).

We have the following definition by Bejancu and Duggal [3].

Definition 3. A lightlike submanifold (M, g, S(T'M)) isometrically immersed in a semi-

Riemannian manifold (M,g) is minimal if
(i) h® =0 on Rad(TM);
(ii) trace h = 0, where trace is written with respect to g restricted to S(TM).

Definition 4. A lightlike submanifold M of an indefinite Kenmotsu manifold M is a
screen real submanifold if Rad(T'M) and S(T'M) are, respectively, invariant and anti-invariant
with respect to ¢.

The above definition is the lightlike version (cf. [7]) of totally real submanifold of an almost
Hermitian (or contact) manifold [10].

The following result is important for our work.

Proposition 1. [6] The lightlike second fundamental forms of a lightlike submanifold M
do not depend on S(TM), S(TM™*) and ltr(TM).
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2 Generalised Cauchy-Riemann (GCR) Lightlike
Submanifolds

We have the following definition of a GCR-lightlike submanifold:

Definition 5. Let (M, g, S(TM),S(TM™)) be a real lightlike submanifold, tangent to
structure vector field V, immersed in an indefinite Kenmotsu manifold (M, g). Then M is
called a generalised Cauchy-Riemann lightlike submanifold of M if the following conditions
are satisfied:

(A) There exist two subbundles D; and D2 of Rad(T'M) on M such that

RadTM = D1 D DQ, gb(Dl) = Dl, ¢(D2) C S(TM) (23)

(B) There exist two vector subbundles Dy and D’ of S(T'M) such that over
M
{ S0~ (@(Dy) © DLILLIV) -

¢Do = Do, ¢(D')=Li1Ls

where Dy is nondegenerate and L; and Lo are vector subbundles of S(TMJ‘) and ltr(TM),
respectively.

Thus we have the following decomposition:
TM =D& D'1{V}, D=RadTMLl¢(D2)LDy (25)

A contact GCR-lightlike submanifold is said to be proper if Dy # {0}, D1 # {0}, D2 # {0}
and Ly # {0}. Thus, from Definition 5, we have

(a) Condition (A) implies that dim(RadT'M)> 3.

(b) Condition (B) implies that dim(D)> 2s> 6 and dim(D;) = dim(L3). Thus dim(M)> 9
and dim(M)> 13.

(¢) Any proper 9-dimensional contact GCR-lightlike submanifold is 3-lightlike.

(d) (a) and contact distribution (n = 0) imply that index(M)> 4.

Proposition 2. A GCR-lightlike submanifold M of an indefinite Kenmotsu manifold M
is a contact CR (respectively, contact SCR lightlike submanifold) if and only if D» = {0}
(respectively, Do = {0}).

Proof. Let M be a contact CR-lightlike submanifold. Then ¢RadT'M is a distribution on
M such that RadTM N ¢RadT'M = {0} imply that ltr(TM) N ¢(ler(TM)) = {0}. Thus it
follows that ¢(ltr(TM)) C S(TM).

Conversely, suppose M is a GCR-lightlike submanifold of an indefinite Kenmotsu manifold
such that D; = {0}. Then from (23), we have D, = RadT M. Therefore, RadT'M N¢(RadT M)
= {0}, implying that M is a contact CR-lightlike submanifold of an indefinite Kenmotsu
manifold.

Similarly, it can be proved that GCR-lightlike submanifold of an indefinite Kenmotsu
manifold is a contact SCR lightlike submanifold if and only if D2 = {0}. The following follows:

Proposition 3. There exists no coisotropic, isotropic or totally lightlike proper GCR-
lightlike submanifold M of an indefinite Kenmotsu manifold M.

Proof. If M is isotropic or totally lightlike, then S(T'M) = {0} and if M is coisotropic
then S(TM™). Hence, conditions (A) and (B) of definition 5 are not satisfied.

It is easy to see that any contact CR-lightlike three-dimensional submanifold is 1-lightlike
real hypersurface [12]. Moreover, it is proved in the same paper that contact SCR-lightlike
submanifolds have invariant and screen real lightlike subcases. Thus, from Proposition 2 it
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follows that GCR-lightlike submanifold is an umbrella of real hypersurfaces, invariant, screen
real and contact CR-lightlike submanifolds.

Hereafter, (R2™', ¢o,V,n,g) will denote the manifold R2™"" with its usual Kenmotsu
structure given by

n=dz, V =0z,
g=n@n+e” (- LI (de' @ da’ + dy' ® dy')
+ 2 (e @ da’ +dy' @ dy'), _
¢ (> (Xa0x* +Yioy') + Z0z) = > -, (YiOz' — X:0y°)

where (z°,9y°, z) are the Cartesian coordinates.

Example 1. Let M = (R3*,g) be a semi-Euclidean space, where g is of signature (-, -,
+, +, +, +, -, -, +, +, +, +, +) with respect to the canonical basis

{0z1,0x2, 03, Ox4, 025, Ox6, Y1, OY2, OY3, OYa, OYs5, Oys, 02} (27)
Consider a submanifold M of R}®, defined by
z* =z cos — y' sin#, yt =a'sinf + y' cos b,
2 _ .3 5 __ 5\2 5 (28)
z” =y, x” = /14 (y°)% Yy’ # x1
Then a local frame of T M is given by
Z1 = e *(0x1 + cos 00z4 + sin 0y4),
Zy = e *(—sin00x4 + dy1 + cos 00ya),
Z3 = e *(0x2 + Oy3), Zs = e *(0x3 — Oy2), (29)
Zs = e *0wxe, Zs =€ “0ys,
Zr = e *(y%0xs + z°0ys), Zg = e *(0x3 + Jy2),
Zg =V = 82,

Hence, RadTM = span{Zl,Zg, Z3} Moreover ¢021 = —Z2 and ¢023 = Z4 (S FS(TM)
Thus D1 = span {Z1,Z2}, D2 = span {Zs}. Hence, (A) holds. Next, ¢9Zs = —Zs, which
implies that Do = {Z5, Zs} is invariant with respect to ¢o. By direct calculations, we get

S(TM*) = span {W = e *(x°0z5 — y°0ys)}
such that ¢o(W) = —Z7. Hence L1 = S(TM*) and

Ny = e *(—0z1 + cos 00z + sin 00ya),
Itr(TM) =span{ Nz = e *(—sinf0z4 — Jy1 + cos 09ys),
N3 = e *(—0x2 + Jys),

such that ¢o(N1) = —Na2 and ¢o(N3) = Zs. Hence, Lo = span{ N3} and D’ = span{¢o(N3), poW }.
Thus M is a contact GCR-lightlike submanifold of R33.

3 Existence and Non-existence Theorems

We prove an existence Theorem for GCR-lightlike submanifolds in an indefinite Kenmotsu
space form:

Theorem 1. Let M be a lightlike submanifold with structure vector field tangent to M of
an indefinite Kenmotsu space form M (c) with ¢ # —1. Then, M 1is a GCR-lightlike submanifold
of M(c) if and only if
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(i) The maximal invariant subspaces of TpM, for p € M, define a distribution
D =Dy 1Dy 1 ¢(D2) LDy
where Radl'M = D1 @ D2, and Dy is non-degenerate invariant distribution.
(i) There exists a lightlike transversal vector bundle ltr(T M) such that

G(R(X,Y)E,N) =0, VX,Y €T(Do),N € [(itr(TM)), ¢ € T(Rad TM).

(iii) There exists a vector subbundle D on M such that

§(R(X, Y)Wl, WQ) =0, VW1, Ws € F(D),
where D is orthogonal to D and R is the curvature tensor of M(c).

Proof. Suppose that M is a GCR-lightlike submanifold of M (c) with ¢ # - 1. Then D =
D11 Dy 1 ¢(D2) LDy is a maximal invariant subspace. From (18), we have

g(R(X, V), N) = — S22 {g(0%,)g(06, N}

VX,Y € T'(Do),N € I'(itr(T'M)),€ € I'(D2). Since ¢ # —1, g(¢X,Y) # 0 and g(¢&, N) = 0,
and theerefore, we get

g(R(X,Y)E,N) = 0.
Similarly we have

c+1
2

G(R(X,Y)W1, Wa) = — {9(¢X,Y)g(oW1, W2)} =0,

VX,Y € (Do), and Wi, Wa) € Té(Ly).
Conversely, assume that (i), (ii) and (iii) are satisfied. Then, (i) implies that D is a invari-
ant. From (ii) and (18), we have
g(¢&, N) =0 (30)
which implies that ¢£ € T'(S(T'M)).
From (30), we get that g(§, ¢ N) = 0. Hence, a part of ¢ltr(T'M) also belongs to S(TM).
Similarly from (iii) and (18), we get
g(pW1, W2) =0 (31)
which implies that ¢(D) is orthogonal to D. Since D is non-degenerate,
G(oWh, 9Wa) = g(Wr, W) # 0

Also, we have g(¢¢, W) = —g(&, W) = 0 implies that ¢(D) is orthogonal to Rad(T'M).
This also implies that ¢(D) does not belong to ltr(TM). On the other hand, invariant and non-
invariant Do imply g(¢W, X) = 0 for X € I'(Dy). Thus, D1 Do and ¢(D) 1 Do. Moreover, from
a result in [3], we know that the structure vector field V' belongs to S(T"M). Then summing
up the above arguments, we conclude that

S(TM) = {¢pD2 ® M} LD 1Dy 1{V}

where ¢(M1) C lér(T'M), which completes the proof.
For any X € I'(T'M), we write

¢X =PX+FX (32)
where PX and FX are the tangential and transversal parts of ¢.X. Similarly,
oW =BW +CW, W eT'(ltr(TM)) (33)

where BW and CW are sections of T'M and tr(T M), respectively.
Following are the two non-existence Theorems for GCR-lightlike submanifolds.
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Theorem 2. There exists an induced metric connection on a proper GCR-lightlike sub-
manifold M of an indefinite Kenmotsu manifold with structure vector field tangent to M if
and only if for X € T(TM), the following hold

P(AjeX — VX¢¢) € T(RadTM), ¢eT (D)
P(h"(X,¢€) — Vx¢€) € I(RadTM), & €T(D2),
and Bh(X,¢¢) = 0, £ € I'(RadT'M ).
Proof. Assume that M admits a metric connection V. Then we show that the radical

distribution is parallel with respect to V (cf. [6], Theorem 2.4, p.161). From (2), we get

Vxo€ = ¢Vx€ —g(¢X, &)V
or,
PV x € = —Vx¢& (34)
for X € T(TM), and ¢ € D(RadT M).
Using (7) in (34) we obtain
(VxS + h(X, ¢€)) = =Vx& — h(X, ) (35)

Considering the tangential part of the above equation for £ € I'(D1) and using (13), (32) and
(33), we get
Vx¢ = PAGX — PVX ¢ — Bh(X, 6¢) (36)

Similarly, for £ € I'(D;) and using (12), (32), (33) and (35), we get
Vx§ = Ph'(X,¢€) — PVx¢¢ — Bh(X, ¢€) (37)
Thus, from (36), Vx¢ € T(RadT'M) if and only if
P(AjeX — Vip¢) e T(RadTM) and Bh(X,¢¢) =0 (38)

for X e I'(TM), and £ € I'(Dy).
Similarly, from (37), Vx¢& € I'(RadT'M) if and only if

P(h*(X, ¢€) — Vi¢€) € D(RadTM) and Bh(X,¢€) =0 (39)
for X e T'(TM) and £ € I'(D3).

Then, the proof follows from (38) and (39).

Theorem 3. There exists no contact totally umbilical proper GCR-lightlike s%mam’fold
M with structure vector field tangent to M of an indefinite Kenmotsu space form M (c) with

c#- 1.
Proof: The proof is similar to the proof of Theorem 4.11 [12].

4 Minimal GCR-lightlike submanifolds

In this section, we study minimal GCR-lightlike submanifold of an indefinite Kenmotsu
manifold.

Example 2. Let M = (R}*,9) be a semi-Euclidean space, where g is of signature (-, -,
+, +, +, +, +, -, -, +, +, +, +, +, +) with respect to the canonical basis

{8331, a.’L'Q, 63737 8%4, 6375’ axGa 81'7, 8y17 83/% ay37 ay47 8?!5: ava 8y7, 82} (40)
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Suppose M is a submanifold of R3®, given by

z! = u! cosh 3, y' = —u?cosh 8
22 =, y? = u®
73 = u' sinh B + u?, y3:—u sinh B + u'
4 3 ud
ot =, y' =
z® = cosu* cosh u®, y® = sinu? sinh «® (41)
2% = cosu® coshu”, y® = cosu s1nhu
27 = sinu® coshu”, y" = sinu® sinh «”
z=u'
Then it is easy to see that a local frame of T'M is given by
Z1 = e~ *(cosh B0z1 + sinh Bdz3 + Jys3)
Zy = e~ *(0x3 — cosh fOy1 — sinh BIy3)
J3 = €7z(8502 + 8334)
Zy = e *(—sinu* cosh u®dz5 + cos u® sinh u®dys)
Zs = e *(cos u? sinh w®dz5 + sin u® cosh u58y5) (42)

Zs =€ *(—sin u® cosh u”dxs + cos u® cosh u”dx7
— sinu® sinh " dys + cos ub sinh u”dyr)
Z7 = e *(cos w8 sinh "9z + sin u® sinh "9z
+ cos u® cosh u78y6 + sinu® cosh u78y7)
Zs =e *0ya, Zog=¢€ *0ys, Z1o=0z=V

We see that M is a 3-lightlike submanifold with RadT M = spom{Z17 Za, Z3} and ¢oZ1 =
Zy and ¢oZs = —Zg — Zg € I'(S(T'M)). Thus D, = span{Z1,Z>} and Dy = span{Z3}. On the
other hand, ¢poZs = Zs and Do = span{Zs, Zs} is invariant. Moreover, since ¢oZs and ¢oZ7
are perpendicular to T'M and they are nonnull, we can choose

S(TM™*) = span{¢oZs, poZ7}

Furthermore, the lightlike transversal vector bundle ltr(T'M) spanned by

N1 = e *(— cosh B0z1 — sinh 80z3 + Oy3)
Ny = e #(0z3 + cosh B0y1 + sinh S0ys) (43)
N3 = e_z(faxg -+ 8:24)

and d)ONl = NQ, ¢0N3 = Zg—Zg (S F(S(TM)) Thus, we have ¢0D/ = span{qéoZg, (;50Z77 ¢0N3}.
Hence, we conclude that M is a contact GCR-lightlike submanifold of R;°.
Then a quasi orthonormal basis of M along M is given by

&1 =2, &2 = Za, £ = Zs,
$o&s = —e”*(0y2 + Oya), $oNs = e *(0y2 — Oya)
— 1 _ 1
er= 4/ cosh? ub5 —cos? u? Z47 €2 = y/cosh? ub —cos? u4 25
_ 1 _ 1
€ = AV cosh? w7 +sinh? w7 ZG’ €4 = 4/ cosh2 w7 +sinh2 w7 Z7 (44)

V ="Zo
Wl =——1t OZG W2 - -t OZ7
\/cosh2u7+sinh2u7¢ ’ vV cosh2u7+sinh2u7¢
normal Ni, Na, N3

where 1 = g(e1,e1) = 1, g2 = g(ea,e2) = 1, €3 = g(es,e3) = 1 and €4 = g(ea, e4) = 1.
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By direct calculation and using Gauss formula (7), we get

h(&1,61) = h(&2,&2) = h(&, &) = h(elvel) = h(e2,e2) =

h(¢o€s, Poés) _—zh(¢oN3,<boN3) = h'(es,e3) = h'(ea, e4) ZO (45)
h*(es, ea) = = (cosh2u7j—sinh2u7)% Wa, h*(es ea) = (cosh2u7j—sinh2u7)%
Therefore,
tracehg|s(ray = €1h°(es, e3) + e2h”(es, e4) = h°(es, e3) + h’(es,e4) =0 (46)

Thus M is a minimal proper contact GC R-lightlike submanifold of R}°.

Now, we prove characterisation results for minimal proper contact GCR-lightlike subman-
ifold. We use the quasi orthonormal frame given by

{617 ...7§q,61, ...,em,V, W17 ...7VV»m Nl, ceny Nq}

where {&1,...,&q,€1,...,em, V} € I'(T'M) such that {&1,...,&2p}, {§2p+1, .-, &g} and {e1,...,en}
form a basis of Dy, Dy and Dy respectively. Moreover, take {Wi,..., Wi} a basis of L and
{N2p+1,-..; Ng} a basis of La. Thus, we have quasi orthonormal basis of M as follows

{51, -~7£2P7§2P+17 -~7£q7 ¢€2P+17 ooy ¢§Q7elv ..,61,¢€1, ooy ¢617¢W1, "7¢Wk7¢N2P+17 7¢Nq}

Theorem 4. Let M be a proper contact GCR-lightlike submanifold of an indefinite Ken-
motsu manifold M. Then M is minimal if and only if

traceAw,|srary =0, traceAf, | s¢ran =0, g(Y,D'(X,W)) =0 (47)

for X, Y € I'(RadTM ) and W € T'(S(TM™).
Proof. We know that h! = 0 on Rad(T'M) [3]. Hence, from Definition 3, a GCR-lightlike
submanifold is minimal if and only if

21

> eih(ee) + Z h($€;, d€5) + Z h(¢N;, oN;) +Zelh W1, oW1) =

i=1 Jj=2p+1 j=2p+1 =1

and h® =0 on RadT' M.

Now from (10), we have h* = 0 on RadT'M if and only if g(Y, D'(X,W)) = 0, for X,Y €
I'(RadTM), and W € I'(S(TM™)).

On the other hand

tra'CQh‘S(TM) 123 2p+1 g(hl(¢§j7¢§j)7§a)Na +§(hl(¢Nja¢Nj)7€a)N
D D P Zb 16b{g( *(#€5, 9€5), Wo)Wy + g(h° (¢N;, oN;), W)W }

X 1eb1{21 G (e, €0), W)Wy £ S0, G(A (W, 6W0), W)W} (48)
+30 M g(h! (s e0), £ ) Ne + 31, G(R (¢Wh, 6W1), £ ) Ne }
Using (10) and (14), we get
traceh|S(TM) = }] q Z] 2p+19(A§a¢517¢€J)N +9(A§a¢NJ»¢N)
+ Z 2p+1 Zb 15b{g(AWb¢§J7¢§J)Wb +9(AWb¢NJ7¢N )Wb} (49)

+Zb 1€bn{zz lg(AWbe“el)Wb+Zl 1g(AWb¢Wl:¢Wl)Wb}
+300 MM g(Acces, ) Ne + 200 g(Az oW, oW N}

Thus our assertion follows from the above equation.
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