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Abstract. If n and k (n > k) are large enough , it is quite difficult to give the value of
M(n, k). R. A. Brualdi and H. C. Jung gave a table about the value of M(n,k) for 1 < k <
n < 10. In this paper, we show that 4(k — 1) — [vVk—1] < M(2k — 1,k) < 4k — 7 holds
for k > 6. Hence, M(2k — 1,k) = 4k — 7 holds for 6 < k < 10, which verifies that their
conjecture M(2k + 1,k 4+ 1) = 4k — [vV/k] holds for 5 < k < 9, and disprove their conjecture
M(n,k) < M(n+l1,k+l2) for I, = 1,1 =1.
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Introduction and Lemmas

Let P be a finite poset(partially ordered set) and its cardinality |P| = n.
Let n< denote the n-element poset formed by the set {1, 2, ..., n} with its
usual order. Then an order-preserving bijective map L: P — n< is called a
linear extension of P to a totally ordered set. If P ={z; | 1 <i < n}, then we
can simply express a linear extension L by z1 — —x9 — — -+ — —x, with the
property x; < x;j in P implies i < j.

A consecutive pair (z;,x;+1) is called a jump(or setup) of P in L if z; is
not comparable to x; 1. If ; < z;41 in P, then (x;,z;+1) is called a stair(or
bump) of P in L. Let s(L, P)[b(L, P)] be the number of jumps|stairs] of P in L,
and let s(P)[b(P)] be the minimum|[maximum]| of s(L, P)[b(L, P)| over all linear
extensions L in P. The number s(P)[b(P)] is called the jumplstair] number of
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P.

Let A = [a;;] be an m x n (0,1)-matrix. Let {21,..., 2y } and {y1,...,yn }
be disjoint sets of m and n elements, respectively, and define the order as x; < x;
iff a;; = 1. Then the set P4 ={x1,...,Zm,y1,...,Yn } With the defined order
becomes a poset. For simplicity, s(A)[b(A)] is used for the jump [stair] number
of PA.

Let A(n, k) denote the set of all (0, 1)-matrices of order n with & 1’s in each
row and column and M (n,k) = maz{s(A) : A € A(n,k) }. In [1], Brualdi and
Jung first studied the maximum jump number M (n, k) and gave out its values
when 1 < k£ < n < 10. They also put forward several conjectures, including
the two conjectures that M(2k + 1,k + 1) = 4k — [Vk] for k > 1 and that
M(n,k) < M(n+1li,k+13) for l; > 0,1y > 1, k > 1. In [2], B. Cheng and B.
L. Liu pointed out that the later conjecture does not hold for [y =0, I = 1. In
this paper, we show that M (2k+1,k+1) = 4k — [/k] holds for 5 < k < 9 and
that M(n,k) < M(n+ 11,k + l2) does not hold for I} =1, ls = 1.

Let J, 5 denote the a x b matrix with all 1’s, and let J denote any matrix
with all 1’s of an appropriate size.

The following lemmas obviously hold or come from [1] and [2].

1 Lemma. Let A and B be two m x n(0,1)-matrices. Then
(a) s(A)+b(A)=m+n-—1;
(b) s(A®B)=s(A)+s(B)+1;
(c)  If there exist two permutation matrices R and S such that B = RAS,
that is, A can be permuted to B, expressed A ~ B, then
(i) b(A) =b(B) and s(A) = s(B).
(i) A and B have the same row sum and column sum.
2 Lemma. b(A) > b(B) holds for every submatriz B of A.

3 Lemma. Let A be a (0, 1)-matriz with no zero row or column. Let b(A) =
p. Then there exist permutation matrices R and S and integers mq,...,my, and
ni,...,n, such that RAS equals

Jm1,n1 A1,2 to Al,p
O Imams -0 Azp
@) @) . Jmp,np

4 Lemma. M(2k+1,k+1) > 4k — [Vk] holds for every positive integer k.
5 Lemma. Let A be a (0,1)-matriz with stair number b(A) = 1. Then A

can be permuted to

Jor[J O] or [g} or {g g].
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6 Lemma. Let A be a (0,1)-matriz having no rows or columns consisting
of all 0’s or all 1’s. Then b(A) = 2 if and only if the rows and columns of A can
be permuted to an oblique direct sum

0D --- 30

of zero matrices.

7 Lemma. Let n and k be integers, and let n = m (mod k). If k | n or
m | k, then M(n,k) =2n—1—[%].

8 Lemma. If A is an m x n (0,1) matriz without zero row[column] and
there are at most | 1’s in each columnfrow], then b(A) > [T][b(A) > [7]].

1 Main Theorem

For a matrix M in block form, we use M{iq, ia, ..., 45|71, 2, - -, jt] to denote
the submatrix composed of the iith, isth, ..., isth block-rows and the jith,
Jath,..., jith block-columns from M. Obviously,

b(M) > b(M[Z.hZ‘Qv oo 7Z.S‘j17.j27 oo 7jt])'

9 Theorem. If k > 6, then b(A) > 4 holds for every A € A(2k — 1, k).
PROOF. Suppose that there exists a matrix A € A(2k — 1,k) such that

b(A) = 3. Then, according to Lemma 3, we may assume A has the following
block triangular form

Jkk—q-1 B2 Bis
@) Jp,q B23 )
@ O Jr—p-1k

where 1 <p, ¢ <k —2.

Since b(A) = b(AT) = 3, we may assume p < ¢, 1 < b(Bi2) < b(Bag) < 2
and 0 < b(Bj3) < 3. First of all, we have the following lemmas.

10 Lemma. b(Bj3) = 2.

PROOF. Suppose b(Bj2) = 1. Since Bjg has evidently no zero or all 1’s

column, by Lemma 5 we have By ~ [Jkg’ ’q] , and hence

kap,k‘qul kap,q By
Ipk—q—1 @ Bo
O 0 Jk—p—1,k

A~ A =
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The proof will be complete by the following Proposition 11 and Proposi-
tion 12 and Proposition 13.

11 Proposition. B; has zero columns and b(B;) # 3.

Proor. If B; has no zero column, then By has at least £ 1’s. On the other
hand, each row of By has just one 1 since the row sum of A; equals k, and hence
Bj has just k —p 1’s. It follows k — p > k, impossible.

If b(B;) = 3, then b([ fl ]) = 4 since B; has zero column. Hence
k—p—1,k
b(A1) > 4 by Lemma 2, a contradiction. QED

12 Proposition. b(B;) # 1.
PROOF. If b(B;) = 1, then by Lemma 5 By ~ [Jy_p1 O], and hence

kap,qufl kap,q kap,l 0

| Jpk—g-1 O Cq Co
A de =1 5 Jog  Cs Cy
O @ Je—p-11 Jk—p-1k-1
. k—1 02 .
Obviously, p > [%5=] and C has no zero row or column. It is also clear
4
that s has no all 1’s column, and hence b( s ) =2.
C4 C4

If Cy has all 1’s rows, then k > ¢+ k —1, thatis, 0 > ¢—-1>p—-1 >
[%1 —1> 1 for k > 6, a contradiction. Hence b(Cy) = 2, and by Lemma 3 we
Jsﬂg *

O Jp—s,k—t—l

If C5 has all I’'s rows, then k—1 < (k—q—1)+(k—1) < k, that is, k = ¢+1
or ¢+ 2, and hence k =g¢+2duetok—q—1> 1. Hence k > ¢+t = 2q — 1(or
2q) =2(k—2)—1 (or 2(k — 2)), that is, £ < 5 (or k < 4), which contradicts
k > 6.

Thus by Lemma 6 we have
Cs
o

have Cy ~ ],Wheret—q—lorq.

:| ~ Or,tl@ t éOr,tnm

where (m —)r=p+1,mr=2pand t;+---+t,, =k—1. Hence p =3, r =2
and m = 3, and so

C - —
|:Cj:| ~ OQ,tl ®O27t2@02,t3,t1 + t2 + t3 —k—1.

Since both Cy and Cy have no zero column, we have b(Cs) = b(Cy) = 2. Due
top=3and p> [%W,WehavekgT
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If k=6o0r 7, then C; = O or C3 = O or [gl] = 0, and hence
3

b(As[1,2,3,4]2,3,4]) = 4,

a contradiction.
Therefore, b(By) # 1. QED
13 Proposition. b(B;) # 2.

PROOF. Assume b(B;) = 2. Because B has no all 1’s row or all 1’s column,
we may suppose By ~ [ Js1 @ Ji1 Op—pi—2 ], where s +t = k — p. Thus

Je—pk-g-1 Jk—pq Js1®Jr1 O

- JpJg_q_l @) Dy Do
A~ ds =1 5 Joq D3 Dy
O @ Ji—p—12  Jh—p—1k—2

. Dy
Obviously b( [ Dy
clear that 2(k —p —1) + (s +t) < 2k, that is, k < 3p + 2.

If Dy has zero rows, then k < (k—qg—1)+2 =k —q+ 1, that is, ¢ < 1,
which implies k£ > 5, contradicting k > 6.

If D4 has zero rows, then k& < g+ 2, and hence g =k — 2 due to ¢ < k — 2.

é], it follows that k > g+ (k —2) = 2(k — 2) > k for

] ) =1, and both Dy and D4 have no zero column. It is also

Since we have Dy ~ [
k > 6, a contradiction.

Hence [52] = Jop -2, and so 2k > (k—q—1)+q+2(k—2). But (k—¢—1)+
4

q+2(k—2) =3k —5> 2k for k > 6, a contradiction. Therefore Proposition 13
holds. QED

Due to Lemma 10, we have
14 Lemma. Bjs has no zero row or zero column.
15 Lemma. Bjs has no all 1’s column or all 1’s row.

PROOF. Bjs has obviously no all 1’s column.

Suppose Bis has t all 1’s rows, then Bis ~ [ igq }, where

Ezopylh@”'@Op,qmvmp:k_t7Q1+"’+QTn:‘Ia mZ 27

and hence

Jt,qufl Jt,q El
Jk—tk—gq-1 E  Eo

0 O Jrp-1k

A~ As =
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Obviously E; has zero columns and 1 < b(E;) < 2.
The proof will be complete by the following Proposition 16 and Proposi-
tion 17 QED

16 Proposition. b(E;) # 2.

PRrROOF. If b(E;) = 2, then Fy ~ gl’l i_tl?l g , and hence
Jtl,k—q—l Jtl,q Jt1,1 @ O
Ji—ty k—g-1 Jt—t1,4 O J—t;1 O
Ay~ As= | Jp—tpoq1 E E2 E2 E2
o Ipa Bas Bag Bas
@ @ Jo—p—1,1 Ji—p—11 Jh—p—1k—2

Obviously E, has no zero column and b(E, ) = b(Bys) = 1.
If E, or By, has a submatrix of the form [J O], then b(As5) > 4, a con-

1"

tradiction. Hence both F, and By, have all 1’s rows. It follows that 2k >
(k—q¢—1)4+14+(k—2))+(qg+k—2) =3k—4 > 2k for k > 6, a contradiction.
Hence b(E7) # 2. QED
17 Proposition. b(E7) # 1.
PROOF. If b(Ey) =1, then Ey ~ [J;1 O], and hence

Jt,qufl Jt,q Jt,l O

| Jk—tk—gq1 E  F3 Fy

A ds=1 5 Jog Fu F
O O Ji—p-11 Jk—p—1k—1

Obviously 1 < b(F;) < 2(i =1,2).

If F has all 1’s columns, then k > (k—t)+(k—p—1) = mp+k—p—1=k+
(m—1)p—1 > k, a contradiction. Besides, due to E = O, 4,® - - - ®Op 4, (m > 2),
F} has no zero row or all 1’s row, and hence by Lemma 6 F; ~ O® - - - 0.

The proof will be complete by the following Claim 18 and Claim 19. QED

18 Claim. b(Fy) # 1.

PROOF. It is clear that F5 has no zero row or all 1’s row. If b(F») = 1, then
we may assume Fh ~ [ Jps O ], and hence

Jt,k‘—q—l Jt,q Jt,l O @)
Joth—g1 E F3 F Fy
Ap ~ An — k—q 1 1
6~ T O Jpa Fi Jps o)

0 O Jk—p—l,l Jk—p—l,s Jk—p—l,k—s—l



On The Maximum Jump Number M (2k — 1, k) 7

Obviously, F3 # Jy_¢1 and F} ~ Jyi1p s 1 OF [JP“’(’;“} It F|' ~

Jpt1k—s—1 , then k —t = p+ 1, and hence mp = p+ 1 or (m —1)p = 1,

impossible. Hence F] ~ {Jp +1g—s—1]‘ Since each column of F| has only one
, J J]_’S1 O , Jl,sl O
1, we have F| ~ [ és] or | O Jiss|.-Butif F{ ~| O Jis_s |, then
O O O @)
b(A7[1,2,4]1,4,5]) = 4, a contradiction. Hence F| ~ [Jgs].
Since [Fll Fl"] has obviously no zero rows, we conclude that [Fll Flﬁ] ~
[Jl’s 0 ], and hence k —t = p + 2, which implies m = p = 2 and
@ Jp—l—l,k:—s—l

k =4+ 1t. Due to k > 6 and the column sum of A7 equals k, we have Fy = O
and ¢ = 2 or 3. If t = 3, then F3 = O, and hence b(A7[1,2|2,3,4]) = 4, a
contradiction. Hence ¢t = 2 and F5 ~ [ng]. It follows that [Fg Fl/ Flﬂ] ~
O Jis O
[‘]51 Jgs JO ] or |Jii O Jis_s|,whichimplies b(A7[1,2]2,3,4,5]) =
3,575 O O J2’578
4 or b(A7[2,3|1,3,4,5]) = 4, a contradiction.
Therefore Claim 18 holds. QED
19 Claim. b(Fy) # 2.

PROOF. Assume b(F3) = 2. Then F5 has no zero column. Let
Fy~ [Jpy O®---@®O0](r>0).

If r > 0, then
J1,r 0O

O Jp—t—1k—r—1

and hence k > (k—t—1)+1+(k—p—1) = k+(m—1)p—1 > k, a contradiction.
Hence r =0, and so Fy ~ Op, 4, ® - - - ®Op, 1, , where p1+---+pp =p, by +---+
b, =k — 1.
(a). f Fy=Jp1,thenby =---=b,=¢q, hg=k—1, F3=0 and t = 1.
Since Fy is a (k—1) x (k—1) (0,1)-matrix without zero row or column, and
there are at most p 1’s in each column and at most ¢ 1’s in each row, and hence by
Lemma 8 we have b(Fy) > [52] = ["2] = m and b(Fy) > [£4] = [%] = h.
If m > 3 or h > 3, then b(pFl) > 3, and hence

o~

b(AG) Z b(|: Jt,k—q—l O ) Z 47

Jk—tk—qg-—1 Il
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a contradiction. Hence m = h = 2, which implies k = 2p + 1 and p = ¢, and it
follows that

[ Jik—g-1 Jia Jiq-aq1 Jia 0 0 1
Jp,k—q—l Jp7q1 0 @ H,q Hy
J, k—ag—1 O . O H3 H4
Ae ~ Ag = pk—q P,4—q1
0 ® O JpM]l Jphq—m ‘]plyl Jphq o
O Jp—m,ql Jp—m,q—ql Jp—m,l 0 Jp—m,q
L O o O Jk—p—l,l Jk—p—l,q Jk—p—l,q i

Obviously b(H;) < 1(: = 1,2,3,4).

Without loss of generality, we assume py < p—p; and ¢ < q¢—q;.

Since [Hl Hg] is a p x 2¢ (0,1)-matrix without zero row and there are at
most p — p; + 1 1’s in each column, by Lemma 8 b([Hl HQ]) > [p_;ﬁ] >1
and the equality holds iff p = p — p; + 1, that is, p; = 1. If b([Hl Hg]) > 1,
then b(Ag) > 4, a contradiction. Hence p; = 1. Similarly, ¢; = 1.

If H;, ~ [é g] or [(ﬂ or [J O], then we have b(Ag) > 4. Hence H; ~ O
H Hy [J,, O

~ |77 . Thus, k = - —p—1
or J, and so [H?) H4] [ o . us, k=p+(p—p1)+(k—p—1)or
p=p1 +1=2, and hence k = 2p + 1 = 5, which contradicts k > 6.

(b). If Fy ~ [‘]gl}, then

Jt,k—q—l Jt,q Jt,l O

Jh—tk—g-1 F F3 Fy
Ag~Ag=| O Jog  Jaa F2

o) Jpdg O F,

o 0 Ji—p-1 Jh—p-1,k-1

Obviously F2" ~ [Jp_d’k_q O], and so

Jt,k—q—l Jt,q Jt,l O @

Jh—th—g—1 FE F; G1 Go
Ag~Ap=| O Jaq Ja1 G3 Gy

O Jp—dq O Jp—d k—q O

) @) chfpfl,l kapfl,k:fq kapfl,qfl

It is clear that b(G4) = 1.If G4 ~ [J O] or [J O},then b(A0[1,3,4,5(3,4,5])

O O
=4, a contradiction. If G4 ~ [g] , then b(Aq[1,3,4|1,2,3,5]) =4, a contradic-
tion. If G4 = O, then Gs ~ [Jgr—q—1 O], and hence b(A10[1,3,4,5(3,4,5]) =4,
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a contradiction. Hence G4 = Jg4—1, and so Ga ~ [Jlgl} (l=p+1—-4d).1It

follows that

[ Jt,qufl Jt/,q Jt;l O/ 0 i
1 k—g—1 E F; Gy J1,g—1
Jkitil ki 71 E// F// G// O
Ain ~ Arq = k—q 3 1
S e, Jag  Jaa G Jag-1
o) Jpdg O Jodiq O
L @ @ Jk—p—l,l Jk—p—l,k—q Jk—p—l,q—l A

First, we have F; o« O or [é} otherwise b(A11[1,3,4,5/1,2,3,5]) = 4, a

contradiction.

Second, we have Fgl,/ # Jr—t—1,1, otherwise k > t+(k—t—1)+d+(k—p—1),
that is, 0 > 2(d — 1) +t + (m — 2)p , impossible.

Hence Claim 19 holds. QED

Next, we continue the proof of Theorem 9.

By Lemma 10, Lemma 14 and Lemma 15, we have

Blg ~ Opﬂfl@' . '@Opﬂjn, tl + -+ tn =dq, k= np.

Similarly, we have

Bz ~ Osy ¢® @05, 4, 851+ + 8m = p, k = mgq.

Since Bi3 has obviously no zero row or column and no all 1’s row or column,

and each column(or row) of B3 has at most p(or ¢) 1’s, by Lemma 8 we have
b(Bi3) > [£] = ["] = n and b(Bi3) > [£] = [%4] = m. While b(Bi3) = 2 or
3, and hence n=2 or 3 and m=2 or 3. Due to the assumption p < ¢, we have
(n,m)=(2,2) or (3,2) or (3,3).

Now we continue our proof in the following three steps.

(a). Let (n,m)=(2,2). Then p = ¢ and k = 2p, and hence

Ipj—p-1 Jpt: @) Ly Loy

Ipk—p-1 O pp—t, L Ly
A~Ap=1| O Jo1,t1 Js1 p—t1 Js1p O

0 prshtl Jp781,p7t1 0 Jp*Sl,p

O O O Jk—p-1p Jk—p—1p

Without loss of generality, we assume O < b(L1) < b(Lg) < 2.

Let Ly = O, then b(Ls) = 1, and hence p — sy = 1 and Ly ~ Jp, or
[Jp,pﬂ,tl O]. It follows that L4 has zero columns. Hence L3 is a submatrix
of stair number b(L3) = 1 and has no zero column or zero row, which implies
L3 = J,p, and hence s; = 1. Thus, k = 2p = 2(s1 + 1) = 4, contradicting k£ > 6.
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J O
O O
tion. If Ly = J, then Ly = J, and hence t; = p — t; = 1, which implies p = 2,
and so k = 4, contradicting k > 6. Similarly, we will also have a contradiction

if Ly ~[J O] of H

Let b(L1) =1. If L; ~ [ ], then b(A13[1,3,4/1,3,4]) = 4, a contradic-

O
Let b(Ly) = b(L2) = 2. Then both L; and Ly have no zero row or zero
column, and hence [Ll Lg] is a p x 2p (0,1) matrix without zero column, and
there are at most p+ 1 — ¢; 1’s in its each row. By Lemma 8 we conclude that

2p ] 2p 2(t1 — 1)

p+1—1t :[p—(t1—1)1:2+(p

where the equality holds if and only if t; = 1.

If t; > 1, then b([Ly Ls|) > 2, and hence b(A;2[1,33,4,5]) > 4, a contra-
diction. Thus, t; = 1. Similarly, we have p — t; = 1. It follows that p = 2 and
k = 2p = 4, which contradicts k > 6.

(b). Let (n,m) = (3,2). Then we have k = 3p = 2¢ and hence

b([L1 L)) > 1=2,

(-1

Jp,qufl Jp,t1 Jpﬂfz 0 K, Ky i
Ipk—g—1 JIpty O Ipg—t1—ts K3 Ky
Jpk—gq-1 O It Ipg—ti—t K5 Kg
A ~ A 5 — D, q p,t2 p,q—1t1 2
s O J81,t1 J317t2 JSI,‘]*tI*Q JSMJ @)
o ']P—Sl,h Jp—517t2 ']p—817q—t1—t2 @) Jp—SLq
| O O 0 0, Jk—p-1,4 Jk—p-1,4 |

Without loss of generality we assume 0 < b(K7) < b(K2) < 2.
Let K1 = O. Then b(K3) = 1, and hence Ky ~ J,q or [Jp; O] (I =
q+1—t;—t2). If Ko ~ J, 4, then t; +t2 = 1, impossible. If Ky ~ [Jp,l O], then

KQ Jp’[ O K/
p—si=1and |K4| ~| O K, |, where b( [K‘}]) =1, and each column of
K O K 6

[K‘}] has just p 1’s. Hence [K‘}} ~ [Jp’q_l} , and it follows b(A13[2, 3,6|1,2,6]) =

4, a contradiction.

Let (K1) = 1. Due to t; +t3 > 2, we have that both K and K5 have no all
1’s row, and hence K| ~ [Jp,t O] (1 <t<gq). Thus Ko ~ [Jp’q+1_tl_t2_t O],
and so s = p — s; = 1, which implies p = 2 and k£ = 3p = 6. Hence
ti1 =t =t =1 and [I]g] ~ {8 Jg2] or [g Jé’l ng
b(A13(2,3,4|2,3,5]) = 4, a contradiction.

Let b(K7) = b(K3) = 2. Then both K; and K3 have no zero row or zero
column, and hence [K; Ka] is a p x 2¢ (0,1)-matrix without zero column

], and it follows
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and its each row has at most ¢ + 1 — ¢t; — t3 1’s. Thus by Lemma 8 we have
2t +ta—1
b([K1 Ka)) > [2—] = 2+ [28222D7 — 3 and so b(Aus[1,2]4, 5, 6]) = 4,
a contradiction.
(c). Let (m,n) = (2,3). Then we have k = 3p = 3¢ and p = ¢, and hence
A~Ay =

[ Jpk—p-1 ot Ip.ts O
Jpk—p-1 Jpis o Ipp—ti—t2
Jpk—p-1 O Ipits Ipp—ti—t2
O JS1,t1 J817T2 ‘]Sl,p*h*tz
0 JS2,t1 J82,t2 JS2,P—t1—t2
0 ‘]p*51*82,t1 ‘]p*51*52,t2 ‘]p*81*82,P*t1*t2
| O 0] O 0]
Ny No N3 1
* * *
* * *
JSLP JSl,p o
JSQ,P O Jsz,p
o0 Jp_51—52717 Jp_51—527p
Je—p-1p Jh—p-1p  Jk—p-1p

where * denotes any matrix of appropriate size.

Without loss of generality we assume 0 < b(NN1) < b(N2) < b(N3) < 2.

Let N1 = O, then b([Ng Ng]) =1 and [Ng Ng} has no zero row, and
hence [Ng Ng] ~ [J O]. It follows p — s1 — s9 < 0, impossible.

If b(N2) =1, then [Ny N3] ~ [Jpy O Jp; O] (t+1l=p+1—1t1 —ts).
Thus we also have p — s; — s3 < 0, impossible.

Let b(Ny) = 1. If Ny ~ J or [é], then t; + to < 1, impossible. If Ny ~

J O

O O
we have k > p+s1 +s2+ (k—p—1), that is, 1 > s1 + so, impossible.

Let b(N1) = 2, then b(N3) = b(N3) = 2, and hence [N1 N, Ns|isapx3p

(0,1)-matrix without zero column, and there are at most p + 1 —¢; — t2 1’s in

its each row. Thus, by Lemma 8 we have b([N1 Ny Ns|) > “Hléia—tzw =

| = 4, which implies b(A14) > 4, a contradiction.

], then b(A14[1,6,7(2,4,5]) = 4, a contradiction. If Ny ~ [J O], then

3(t1+t2—1)
3+ (P-O—ll—t?—h

By the above showed, we have proved that there does not exist a A € A(2k—
1, k) such that b(A) = 3 for k > 6, which implies Theorem 9 holds. QED
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2 Corollaries

20 Corollary. 4(k—1)—[vk—1] < M(2k—1,k) < 4k—T holds for k > 6.

PRrROOF. By Lemma 4, we have M (2k —1,k) > 4(k—1) — [v/k — 1]. On the
other hand, by Theorem 9 M (2k —1,k) < 2(2k —1) —1 —4 = 4k — 7. Hence
Corollary 20 holds. QED

21 Corollary. Brualdi’s conjecture M(2k +1,k+1) = 4k — [v/k] holds for
k=5, 6, 7, 8§ and 9.

Proor. Trivial by Corollary 20. QED

22 Corollary. Brualdi’s conjecture M(n,k) < M(n + l1,k + l2) does not
hold forly =1, ls = 1.

PROOF. By Lemma 7 M (2k, k) = 4k — 1 — [2%] = 4k — 3. While by Corol-
lary 21 M (2k+1,k+1) = 4k — 3 holds for k=5, 6, 7, 8 and 9. Hence M (2k, k) =
M (2k+1, k+1) holds for k=5, 6, 7, 8 and 9. Therefore M (n, k) < M(n+1y, k+l2)
does not hold for n = 2k and [ = ls = 1 and k=5, 6, 7, 8 and 9.
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