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Abstract. We present a class of transitive BLT-sets that contains several known examples
and at least one new example over the field with 41 elements with automorphism group Zo :
(Z2 x Z2). This example is sporadic in the sense that it does not fall into any of the known
infinite families of BLT-sets.
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1 Introduction

Let V be a five-dimensional vector space over Fy, ¢ odd. Let Q(x) be a
nondegenerate quadratic form with corresponding bilinear polar form f(z,y) =
Q(r +y) — Q(r) — Q(y). Let L be the polarity determined by Q. Let E =
{e1,...,e5} be a basis for V. Let A be the determinant of the 5 x 5 matrix
whose (i, j)-th entry is f(e;, e;). The class of A modulo nonzero squares in F,
is known as the discriminant of Q).

A set of ¢ + 1 pairwise non-collinear points in the projective space P(V) is
called BLT-set (after [1]) if any three of the points form a BLT-triple. Three
noncollinear points < z >, <y >, < z > form a BLT-triple if

2f(x,y) [y, 2) [ (2, 2)
- A (1)

is a non-square in F (see [2, Lemma 4.1]).
For the remainder of this article, the trace and the norm functions from F
to IF, are denoted as T" and N, respectively. Also, we will denote elements in

[F,2 using greek letters, whereas we will use ordinary letters for elements in F,.

2 The Construction

1 Lemma. Let q be an odd prime power. Let S be equal to the set of non-
squares in Fy if ¢ =1 mod 4 and let S be equal to the set of nonzero squares in
Fq if ¢ = 3 mod 4. Let m be an involution in Zy,,, m # —1 mod q;—l. Let s be in

2
Z%. Let ¢ be a primitive root of unity of order q+1 in Fp2. Let g € FX\ {—1}
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with

g(T((Qk) — T((ka)) +2-T(>* ) e S forall 1<k< % (2)

Let v and § be elements in F 2 with N(v) = g and N(0) = —1 — g and

2+ T(69¢C%H) + T(679¢¥F2m=5) e S forall 1 <k < % (3)

Define
= (v¢%,5¢*™ 1),y = (6¢H, PO ) for i=1,..., (¢ +1)/2,

andletPi:<xi>anin:<yi>f0ri:1,...,qT. The set
1 1
B(Q7m787gafy75) = {P’L’Z:177%}U{Q’L‘Z:177%}

is a BLT-set in the parabolic space Fpo x Fp2 x Fy (viewed as F, vector space of
dimension 5) with non-degenerate quadratic form

Qe B,¢) = N(a) + N(B) + .

PRrOOF. Note that N(¢) = ¢'T% = 1 and hence (? = (~!. Also, recall that
T(w?) =T (w) for all w € Fp2. From

Q(zi) = N(v¢*) + N(6¢*™) +1=gN(Q)* + (-1 —g)N(()* +1=0
and
Q(yz) — N(5<21) + N(7C2mi+2m+5) +1= 0

it follows that the points P; and (); are on the quadric. For i # j, the points P,
and P; are not collinear since

(xhx])
=Q(x; + ;) — Q(x;) — Q(z5)
=Q(Y(¢* 4 ¢*),8(¢*™ + ¢*™7),2)
=N(Y(C* +¢¥)) + N(6(¢P™ + ¢*™)) + 4
=gN(C* +¢¥) + (=1 = g)N(¢*™ + ¢*™) + 4
=g(C* + (T2 + )+ (1= g) (P )T (T 4
=92+ T (") + (-1 = g) 2+ T(¢*"))) + 4
—g(T(¢X) = T(¢H™)) = T(¢* D) 42





A Class of Transitive BLT-Sets 3

which is a nonzero square (if ¢ = 3 mod 4) or a nonsquare (if ¢ = 1 mod 4)
by (2), and hence nonzero.
For u # v, the points @, and @Q, are not collinear since

W, ¥o) =QWu + y0) — Q) — Q(y)
:Q<5(C2u + C2v)7,y(c2m(u+1)+s + C2m(v+1)+3)’ 2)
=N+ ¢2)) + N (2 4+ ¢2m)) + 4
=(=1 = g)N(C*" +¢*") + gN (™ +¢*™) + 4
=gN(C* +¢¥) + (=1 = gIN(C*™ +¢*™) +4
:f(xi7 xj)7
with ¢ and j determined uniquely by the congruences

1 1
izmumod% and jEmvmod%
(note that mi = u and mj = v mod (¢ + 1)/2).
It remains to verify that no P; is collinear to any @); (for all ¢ and j modulo
(¢ +1)/2). To this end, we compute

fwi y) =Q(wi + y;) — Qi) — Qy;)
:Q(,YCQZ 4+ 6<—2j75<2mi +,y<-2m(j+1)+s’ 2)
=N(y¢¥ +6¢¥) + N(SC*™ 44 ¢mUHD+) 44
=(y¢* + 8¢ (1T + 69¢)
+ (5C2mz + 7C2m(j+1)+5)(5q472mi +,yq<-72m(j+1)73) +4
=241t 4 951t 4 4 59¢20-0) 4 542070 4 §yac2mlizg)=2m=s
+ ,y(sqc2m(j—i)+2m+s +4
=2+ T(189¢HED) + T(FyIg2mi=9)=2m=s)
which is nonzero by (3). This shows that the points of B(q,m,s,g,7,0) are
pairwise noncollinear.

It remains to verify that any three points form a BLT-triple. We compute
the discriminant of f. Note that V has the orthogonal decomposition as U 1<
(0,0,1) > and so the discriminant is the product of the discriminants of f
restricted to each of the direct summands. The space U is hyperbolic, and hence
the discriminant on U is 1. The discriminant on (0,0, 1) is f((0,0,1),(0,0,1)) =

2. Thus we may take A = 2 (modulo squares) in (1). Notice that —1 is a square
if and only if ¢ = 1 mod 4. Thus we can rephrase (1) as

[/ ¢=1mod4

f(@9) f(y,2)f(z,2) { 0 ¢=3mod4
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Choose a and b from the set {z; | i =1,...,(¢+1)/2} U{y; |i=1,...,(¢+
1)/2}. The above computation shows that f(a,b) is a nonzero square if ¢ = 3
mod 4 and f(a,b) is a nonsquare if ¢ = 1 mod 4. That is, the triple product
f(z,y)f(y,2) f(z,z) is a nonzero square if ¢ = 3 mod 4 and it is a nonsquare if
g = 1 mod 4. Thus, the three points < z >, < y >, < z > form a BLT-triple.
Therefore, B(q,m, s,g,7,6) is a BLT-set.

Let ¢ be a primitive (¢ + 1)th root of unity in F 2. We define the integer k
(modulo ¢ + 1) by means of the equation

¢F=(v/8)7
This integer k exists since el =1forallee F;g.

2 Lemma. Consider the BLT-set B(q,m,2,g,7,d) constructed in Lemma 1.
Assume that ¢ = 1 mod 4 and that the integer k in ¢¥ = (7/6)?71 is even and
let t = —k/2. Assume further that (m + 1)(t 4+ 2) is divisible by ¢ + 1. Then
the automorphism group contains a group isomorphic to Z%l : (Za x Zs) acting

transitively.

PrOOF. We define the following three mappings v, p, v :

(a7 57 C)’(/J :(ac2,ﬁ<2m’c),
( ’ﬁ7 C)M :(ﬁct7ag_t7c)7
B, v =(afy' 79, 595179 ).

In the remainder of this proof, we will show that all three mappings are auto-
morphisms of the BLT-set, satisfying the relations

YD = )2 =2 =1, r =™, =97 p =

Thus, they generate a group isomorphic to Zg+1 : (Zg X Z9). It is clear that this

S

group is transitive on the points of the BLT—s?et.

Notice that the given elements lie in the orthogonal linear group. At first,
we verify that ¢, u and v are automorphisms of the BLT-set. In the following
calculations, the integer ¢ = —k/2 sometimes appears as exponent of (2. In this
case, t is determined modulo (¢ + 1)/2, and the quantity ¢/2 is defined since
g = 1 modulo 4 and hence (¢ + 1)/2 is odd.

The assumption that ¢ 4+ 1 divides (m + 1)(¢ + 2) leads to

mt +2m + 2 = —t mod ¢ + 1 (4)
and hence also to

2mt +2m +2 = -2t —2m — 2 mod ¢ + 1. (5)
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The action of ¥ on the BLT-set is

zp =(y¢P2, 6 ) = i,

yzw :(5c2i+2’ 7(2mi+2m+2+2m7 1) = Yit1

with i modulo (q + 1)/2. Therefore, 1(4t1)/2 = 1. For p, we get

zip =(¢*, 6™, p
—(5C2Mitt A2t )
— (5CROmiH/2) L 2m(mitt/2)+2m+2 1)
=Ymi+t/2-
Using (4), we compute
¢ A PmEDF2 1)y

=(
(,_)/<2m (i+1)+2+t (5<21 t 1)
(7C2m1+2m+2+t) 5(21+2+2m+mt 1)

Yilk =

:(,YCQ (mi+m+1+t/2) 5<2m (mi+m+1+t/2) 1)

=Tmitm41+t/2-
The element v acts in the following way on the x;:
zy =(¢¥, 6¢*™, v
=(7¢ iy, g1g2migho )
=(y¢7*, 8¢ 1)
=T _;.
For the action on the y;, we obtain using (5)

yiv = 5C21’7C2m1+2m+2 1)
5 21 1- q’,ch 2mi— 2m—251—q71)

)
5 2t 217 C—sz 2m—2—2t 1)

(
(
(5( )‘1 1C 2z (’7)q—1<—2mi—2m—271)
(
(

5C2t 1)’,)( 2mi+2mit+2m+2 1)

:(5C2 (t— z)’ 7C2m 1571)4»2m+27 1)
=Yi—i
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Also,
(o, B,c)p® = (B al ™ o) = (o, B, 0),
and
(a7 57 C)V2 :(aquli(% Bq(slqu C)V
:(O/quflvlfq7 5(125t171517q7 c)
:(a7 67 C)7
ie., u?=1v2=1.
Furthermore,

(c, B, )™ o =(BSH, o€ )b
=(B¢ 2, aC )
=(a(®™, B¢, ¢)
=(a, B,c)yp™

which shows that ¢ = ™.
Also,

oﬂfyl q Bq(gl 4 e)apy
oty =12, f151ICT, )y
2

(o, B, )t (
(
(aq q— 1C 2,}/1 q ﬁq 59— IC—Qm(sl q C)
(ag
(

BC ™ c)
Of,,B )

which shows that ¢* = 1.
It remains to show that v and p commute:
ziv T o =(¢*, 6, Dvpwp
(YA Hy 1, 89T ) v
(8¢ g1 /2 ¢ 210 CH2, 1)
(6¢2mhI2 ¢ i v
(5qg2mz+k/2 L=q_~ac2i- k/251-q )

(,ch2l k/251 qC k/2 5q<2m2+k/2 1-— qck/Z )
(e a2 prtemich )

Y
:(’YCQla C—sz7 1)
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and

yiv v

6C2z 2m (i+1)+2 1)1/“”#

(
(5q<- 21 1— q q<—2m(z+1)—251—q 1)/“4“

( q<= 2m(z+1) 251 qC k/2 5(1( 27,,71 qu/Q ) v
(

=(v

,YCQm l+1)+25q 14—]@/2 1—¢q 5C21 q— 1C k/251 q 1)/1,

CQ’m l-i-l)-i—2(5)61*1(]{:/27 5c2i(g)qflc—k/2’ 1),“’

;
=(502 (1) gm0 2y )

:( C217 ,YCZm(iJrl)JrZ, 1)
=Yi-

This completes the proof. QED

3 Theorem. The construction described in Lemma 1 gives rise to a new
BLT-set over Fq1. The automorphism group coincides with the group described
in Lemma 2 (of order 84 in this case). It acts transitively on the points of the
set.

PROOF. Let w be a primitive element for F ;2 with w? + 3w +6 = 0. We
define ¢ = w0, a primitive ¢ + 1-th root of unity. A computer calculation shows
that (q,m,s,g,7,6) = (41,8,2,12,w8?" w'4!1) solves (2) and (3) and hence
gives rise to a BLT-set. Since (v7/6)4"! = w!l® = ¢* we have t = —2 and
hence (m + 1)(t + 2) = 0 which is divisible by ¢ + 1. Therefore, all assumptions
of Lemma 2 are satisfied and we conclude that the group described in that
lemma is a subgroup of the automorphism group of the BLT-set. A computer
calculation shows that this group is the full automorphism group of this BLT-set
(of order 84). To see that this BLT-set is new, we consider the known BLT-sets
over Fy; with transitive automorphism group. The Linear and the Fisher and
the Fisher-Thas-Walker BLT sets all have larger groups (see [3] for a description
of these families). The group of the Mondello BLT set [5] is a Dihedral group
of order 84, and hence is not isomorphic to the group of the example. Other
transitive BLT-sets over 41 are not known. QED

4 Theorem. The construction described in Lemma 1 gives rise to a BLT-
set over Fa3 described in [4]. The automorphism group of this BLT-set is the
Weyl group of type Fy, isomorphic to Zgy : (Symy X Symy) (of order 1152).

PROOF. Let w be a primitive element for Fog2 satisfying w? +2w+5=0. A
computer calculation shows that (q,m, s, g,v,0) = (23,5,5,6,w!' ™, w*?0) solves
(2) and (3) and hence gives rise to a BLT-set. Another computer calculation
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shows that the full automorphism group of this BLT set is Fy ~ Zg : (Symg4 X
Symy) of order 1152. QED

5 Theorem. The construction described in Lemma 1 gives rise to the BLT-
set over Fy7 with automorphism group Zg : (SymalZs) of order 2304 described
in [4].

PROOF. Let w be a primitive element for F,.» satisfying w? 4+ 2w + 5 = 0.
A computer calculation shows that (¢, m,s,g,v,0) = (47,17,2,21, w8, 1336)
solves (2) and (3) and hence gives rise to a BLT-set. Another computer calcula-
tion shows that the full automorphism group of this BLT set is Zg : (Syma4Zs)

of order 2304.
We remark without proof that for ¢ = —1 mod 8, the construction of

Lemma 1 yields the Fisher BLT-sets (with m = —3/4, s =2, g = —1/2).

3 The Plane Invariant

It is desirable to have at hand easy means of telling whether or not things
are isomorphic. This is often difficult. Nevertheless, in many cases is suffices to
have a procedure that can tell things apart, for instance by examining certain
invariants that are preserved under isomorphism. If the invariants differ, the
objects are not isomorphic.

We will now discuss such an invariant that applies to sets of points in pro-
jective space (not necessarily BLT-sets). Let B = {Pi,..., P;} be a set of points
in projective space PG(k,q), k,¢ > 3. Let m be the largest plane intersection
number of B, that is, the largest integer m such that there is a plane 7 with
|mNB| = m. Let 7y, ..., ms be all the planes that intersect B in m points. Define
a;j = |my Ny N B|. The s x s matrix

Ap = [ai ]

is the plane intersection invariant of B. The matrix Ag is unique up to reorder-
ing of rows and columns (simultaneously). It should be pointed out that the
set of planes m,...,7s as above can be computed relatively fast, namely by
considering the planes spanned by each of the (g) triples of points chosen from
the set B (as opposed for instance to looking at all planes in PG(k,q) which
would be very expensive).

The plane invariant is an effective way to tell BLT-sets apart, as demon-
strated by the following examples:

The plane invariant of the linear BLT-set is

[q + 1].
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The plane invariant of the Fisher BLT-set for ¢ > 9 is

+1
[qz qg 1] '
0 5
This corresponds to the fact that the points of the Fisher BLT-set are distributed
evenly on two planes, as can be seen from the description of these BLT-sets in [5].
The plane invariant of the Mondello and Fisher-Thas-Walker BLT-sets are

rather large.
The plane invariant of the BLT-set of order 41 constructed in Theorem 3 is

OO OO O
OO OO NO
OO OO o
OO NOoO oo
O N O o oo

N O O o oo

The plane invariant of the Mondello BLT-set of order 41 is of size 147 x 147.
This is clearly not permutation equivalent to the 6 x 6 matrix above, furnishing
a second, independent proof of the fact that the BLT-sets are different.

The plane invariants for the examples in Theorem 4 and 5 are matrices of
size 16 x 16 and 18 x 18, respectively.
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