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Abstract. Let E and F be Banach spaces. Our objective in this work is to find conditions
under which, whenever the topological dual spaces E’ and F’ are isomorphic, the spaces of
multilinear mappings (resp. homogeneous polynomials) on E and F are isomorphic as well.
We also examine the corresponding problem for the spaces of multilinear mappings (resp.
homogeneous polynomials) of a certain type, for instance of finite, nuclear, compact or weakly
compact type.
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Notation

Throughout the whole paper D,F, F and G always denote Banach spaces
over the same field K, where K = R or C. N denotes the set of all positive
integers. L(™FE; G) denotes the vector space of all continuous m-linear mappings
from E™ into G. L(™E; G) is a Banach space under its natural norm. If G = K,
we write L(mE;K) = L(ME). If m =1, we write L(1E; G) = L(E;G). If m =1
and G = K, we write L(E) = E’, the topological dual of F. The mapping

Iy : L(™"E;G) — L(ME; L("E; G))

defined by I,,A(z)(y) = A(z,y) for all A € L(™™E;G),x € E™,y € E™, is an
isometric isomorphism. Likewise the mapping

T': A€ L("E; L("F;G)) — A" € L("F; L("E; G))

defined by Al(y)(z) = A(z)(y) for all A € L(™E; L("F;G)),x € E™,y € F",
is an isometric isomorphism. Let L*(™E;G) denote the subspace of all A €
L(™E;G) which are symmetric. Let P(™E;G) denote the vector space of all
continuous m— homogeneous polynomials from E into G. If G = K, we write
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P("E;K) = P("E). For each A € L("E;G) let A € P("E;G) be defined
by A(x) = Az™ for every x € E. The mapping A — A induces a topological
isomorphism between L*(™FE;G) and P(™E;G).

1 Definition. A mapping A € L("™E;G) is said to be of finite type if there
exist ¢1,...,¢, € G, P14y omi € E',1 <4 < n such that A can be written in
the form: A(21,...,Tm) = Dy ¢1:(@1)  Pmi(@m)ci for all (z1,...,2m,) € E™.

2 Definition. A polynomial P € P(™E;G) is said to be of finite type, if
there exist ci,...,¢c, € G, ©1,...,0, € E' such that P can be written of the
form: P(z) = Y7, pi(x)™¢; for all z € E.

3 Definition. A mapping A € L(™E;QG) is said to be nuclear, if there
exist sequence (pji)ieny in £/, 1 < j < m and (¢;)ien in G with 3272 [leul| - - -
lemilllleill < oo such that A(z1,...,2m) = Yooy @1i(21) - @mi(Tm)c; for all
(z1,...,xm) € E™.

4 Definition. A polynomial P € P("™FE;G) is said to be nuclear, if there
exist sequences (¢;)ien in E', and (¢;)ien in G with Y002 [l¢il|™ ||| < oo such
that P(z) = Y52 pi(z)™¢; for all z € E.

Let L;(™E;G) denote the space of all A € L("™E;G) which are of finite
type. Let P;(™E;G) denote the space of all P € P(™E;G) which are of finite
type. Let Ly(™F;G) denote the space of all A € L("™FE;G) which are nuclear
endowed with the nuclear norm [[A|x = inf > 2%, [[@1ill - - - [[millllcill, where
the infimum is taken over all sequences (¢ji)ien and (¢;)ien which satisfy the
definition. When G = K, we write Lo(™E,K) = Lg(™FE), where © = f or
N. Let Py(™FE;G) denote the space of all P € P(™E;G) which are nuclear,
endowed with the nuclear norm || P||x = inf 372, ||¢i[|™]|¢i]|, where the infimum
is taken over all sequences (¢;)ien and (¢;);en which satisfy the definition. When
G =K, we write Po(™E,K) = Po(™FE), where © = f or N. Let us recall that
A € L(ME;G) is a compact (resp. weakly compact) mapping if A(Bgm) is
relatively compact in G (resp. for the weak topology), where Bgm denotes the
closed unit ball of E™. Let Ly (™E;G) (resp. Lwk (™E; G) ) denote the space
of all A € L(™F;@G) which are compact (resp. weakly compact). Recall that
P € P(ME;Q) is a compact (resp. weakly compact) polynomial if P(Bg) is
relatively compact in G (resp. for the weak topology), where Bp denotes the
closed unit ball of E. Let Px(™E;G) (resp. Pwk(™FE;G)) denote the space
of all compact (resp. weakly compact) homogeneous polynomials from E into
G. We observe that in the case where G = K all the continuous homogeneous
polynomials are compact (resp. weakly compact). For background information
on multilinear mappings and homogeneous polynomials we refer to the books
[7] and [12].
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1 Isomorphisms between spaces of multilinear map-
pings or homogeneous polynomials

In this work, we use the Nicodemi sequences defined in [8] to prove all the
theorems. We recall the definition of the Nicodemi sequences.

5 Definition. [8] Given a continuous linear operator Ry : L(E;G) —
L(F;G), let Ry, : L(™E; G) — L(™F; G) be inductively defined by Rp,+1A4 =
I R o (Ryo Ly (A))Y for all A€ L(™TIE;G) and m € N.

6 Example. [8, Example 1.2] Let T} : E' — E” be the natural embedding
and let T3, : L(™E) — L(™E") be the Nicodemi sequence of operators beginning
with 77. This sequence is precisely the sequence of operators constructed by
Aron and Berner in [1, Proposition 2.1].

7 Definition. [8, Proposition 4.1] Given Ry € L(E'; F'), let R €
L(L(E;G"), L(F;G")) be defined by RiA(y)(z) = Ri(6. 0 A)(y) for all A €
L(E;G"),y € F and z € G, where §, : G — K is defined by §,(z") = 2/(z) for
all 2/ € G'. If (Ry,) and (R,y,) are the corresponding Nicodemi sequences, then
R A(y)(2) = Rpn(6. 0 A)(y) for all A € L(™E;G'), y € F™ and z € G.

8 Example. Let T, : L(™E) — L(™E") be the Nicodemi sequence
of operators beginning with the natural embedding T} : E' < E", and let
T : L(™E;G') — L(™E";G") be the corresponding sequence for vector-
valued multilinear mappings (See [8, Proposition 4.1]). We observe that as G’
is a Cy—space, the sequence T, : L("E;G') — L(™E";G') C L(™E";G")
coincides with the sequence of operators constructed by Aron and Berner in [1,
Proposition 2.1].

The next theorem shows the relationship between an arbitrary Nicodemi
sequence of scalar-valued mappings and the Nicodemi sequence beginning with
the natural embedding E' — E".

9 Theorem. Let R,, : L(™E) — L(™F) be a Nicodemi sequence, let
Ty : L(ME) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jgr - E' — E", and let Jp : F — F" be the natural embedding.
Then

RmA(yl, ey ym) = T:mA(R/l («]Fyl)v ceey Rll(JFym))

forall A€ L(™E), and y1,...,ym € F, where R} is the transpose of Ry .

PRrROOF. We will prove this theorem by induction on m. If A € L(E) = F/,
we have

RiA(y) = (Jry, R1A) = (R1(Jry), A) = (1A, Ry (Jry)) = TV A(Ry (Jry))
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for all y € F. Now let us assume that the identity in Theorem 9 is true for m—
linear forms. Let A € L("™*!'E). We will prove that

Tm+1A(zlv sy Zmy Rll(JFy)) = Tm[(Rl o ImA)t(y)](zlv s 7Zm) (1)

for all 21,...,2, € E” and y € F. From the definition of Nicodemi sequences,
it follows that

Trn1A(z1, -y 2y RUTFY)) = Ton[(Th © L AR (Try))) (21, -y 2m)- - (2)
Therefore, to get (1) comparing with (2), it is enough to prove that
(R1 0 InA)'(y) = (T1 0 InA)' (R1 (JFy)).

In fact,

(Ty 0 Ln A (R (JFy)) (@1, - -y 2m) = Ti[In A1, - 200)| (R (TFY))
= (R1(Jry), ImA(1, - .., 2))
= (Jry, Ri[InA(z1, ..., zm)])
= (R1[lnA(z1, .. s 2m)],Y)
= Ri[lnA(x1, ..., 2m)](y)
= (Ry o Ly A (y) (1, .y 2m)

for all z1,...,xy, € E. Thus by the induction hypothesis and (1) it follows that
forall y1,...,Yym41 € F

Ryr1Ayr, - - Y1) :Rm[(Rl © ImA)t(merl)](ylv e Ym)
=Tn[(R1 © InA) (Y )|(RL(TEW1), - - Ry (TEYm))
= m+1A(R,1(JFy1)7 cee 7R,1(‘]Fym)7 RII(JFym+1))'

QED

We next extend Theorem 9 to the case of a Nicodemi sequence of vector-
valued mappings. Let us recall that each Nicodemi sequence (R,,) for scalar-
valued mappings yields a Nicodemi sequence (R,,) for vector - valued mappings.
10 Theorem. Let R, : L("E) — L(™F') be a Nicodemi sequence, and let

Ty o L(™E) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jgr + B/ — E". Let

Ry : L("E;G') — L("F;G')
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and -
Tm:L(ME; G — L(E";G")
be the corresponding Nicodemi sequences for vector-valued multilinear mappings.
Then - .
RmA(yh EERE) ym) = TWA(R,I(JFyl)7 SRR} RII(JFym))
forall A€ L(™E;G"), and y1,...,ym € F, where R is the transpose of Ry .

PRrROOF. We will prove this theorem by induction on m. If A € L(E;G), it
follows that

RiA(y)(2) =R1(5: 0 A)(y)
=(Jry, R1(3: 0 A))
=(R\(Jry), (0: 0 A))
=(T1(3. 0 A), R1(Jpy))
=T ARy (Try))(2)
for all y € F and z € G. Now let us assume that the identity is true for m—
linear forms. Let A € L(™'E;G’). We prove initially that

Toni1A(z1, -y 2y RU(TFY)) = Tl (R1 0 Ln A ()] (21, - 2m) — (3)

for all 21,...,2, € E” and y € F. From the definition of Nicodemi sequences,
it follows that

o~

Trn1A(z1, -y 2y RU(TPY)) = Tl (Th 0 In A (RY(Tpy)) (21, - 2m)- - (4)
Therefore, to get (3) comparing with (4), it is enough to prove that
(R1 0 1nA)'(y) = (T1 o Ln A)' (R, (Ty)).

In fact,

(Ty 0 In A (R, (Jry)) (1, - . .y ) (2) =T [ImA(z1, - . ., 2| (R, (Jry)) (2)
=T1[6. o Iy A(x1, ..., xm) (R (JFY))
=(R|(JFy),0, 0 ImA(x1,...,2m))
=(Jry, R1[0; o I A(x1, .., Tm)])
=(R1[d, o [, A(x1, ..., 2m)], )
=R1[0, 0 L, A(z1,. .., zm)](y)
=(R1 0 InA)'(y)(x1, ..., 2m)(2)
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for all z1,...,2,, € E and z € G. Thus, from the induction hypothesis and (3),
it follows that for all y1,...,yms1 € F

Rm+1A(.7/1> cees ym+1) :ﬁr;[(ﬁil o ImA)t(ym+1)](y17 cee 7.7/m)
=Tnl(R1 0 InA)! (Y1) (R (TEw1), - - R (TPYm))
=T AR (Jpy1)s - - s RU(TEym), RU(TFym1)-

QED

Recall that a Banach space E is said to be Arens - regular if all linear
operator E — E’ are weakly compact, and symmetrically Arens - regular if
this is so for all symmetric linear operators. An operator T : E — E’ is said
to be symmetric if Tx(y) = Ty(x) for all z,y € E(see [3] and [9]). Let us
recall that if £ is symmetrically Arens - regular, then 7,,A € L5(™E") for all
A€ L*("E), where (1,,,) is the Nicodemi sequence beginning with the natural
embedding Ty = Jgr : E' — E" (see [2, Theorem 8.3]). Now, we are ready to
study the theorems of preservation of symmetric multilinear mappings.

11 Theorem. Let Ry, : L(™E) — L(™F) be a Nicodemi sequence and let
Ty o L(™E) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jg : E' — E". If T,,A is symmetric, then Ry, A is also
symmetric. In particular, if E is symmetrically Arens - reqular, then R, A €
L*(™F) for all A € L°(™E).

PROOF. By Theorem 9 we have that

Thus, if 7;,A is symmetric, then R,,A is also symmetric. Now if E is sym-
metrically Arens - regular, we have that the Aron - Berner extension 7;,A
is symmetric for all A € L°(™E)(See [2, Proposition 8.3]). We conclude that
Rp,A € L*(™F) for all A e L5(ME). QED

12 Theorem. Let R, : L("E) — L(™F) be a Nicodemi sequence and
let Ry, : L(™E;G') — L(MF;G') be the corresponding Nicodemi sequence for
vector-valued multilinear mappings. If E is symmetrically Arens - regular, then
Rn,A€ L*("F;G) for all A€ L5(™E;G).

PRrROOF. By [8, Proposition 4.1], we have that

R A(y)(2) = Ru(5: 0 A)(y) (5)

for all A € L(ME,G), y € F™ and z € G. The identity (5) and Theorem 11
imply that if A is symmetric, then R, A is also symmetric. QED
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In Theorem 13 we will denote Jg(y) by y for all y € F and Jg(z) by « for
all z € E.

13 Theorem. Let R,, : L(™E) — L(™F) be a Nicodemi sequence, let
Ty o L(ME) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jg : E' — E", and let Qu, : L(™F) — L(™F") be the
Nicodemi sequence beginning with the natural embedding Q1 = Jp : F' — F'".
If T, A is symmetric, then

Qm o RmA(wh ceey wm) = TmA(Rllwly ey R/lwm)

forall Ae L("E), w; € F”,j=1,...,m, and m € N.
Proor. We will prove by induction on k& € N that

Qm o RmA('U]h coes Wy Y415 - - 7Um) =
TmA(Rll(wl)7 EERE) Rll(wk)v Rll (yk+1)7 ) Rll(ym))

for all y; € F and w; € F”. Recall that (i) QB and T,, A are weak* continuous
in its first variable for all B € L(™F) and A € L("™E) by [8, Proposition 5.1]; (ii)
elements of F” and of Jp(F) commute in variables of Q,, B by [8, Lemma 3.4];
(iii) R} is o(F”, F')—o(E", E') continuous; (iv) by [8, Proposition 2.1] , we have
that T, A(z1, ..., xm) = A(x1, ..., 2) for all A € L(™E) and x1,..., 2, € E;
and QmB(y1,...,ym) = B(y1,...,ym) for all B € L(™F) and y1,...,ym € F.
If k = 1, by Goldstine”s theorem, there is a net (y,) C F such that y, — w;
for the topology o(F”, F'). Then by Theorem 9

Qm o RnA(wi,y2- .., Ym) =Qm(BmA) (wi,y2- -, Ym)
=lm Q. (R A) (Yas y2 - - Ym)
=Hm(RnA)(yas Y2 - Ym)
=lim T A(R Yo, R1y2, - Riym)
=TmA(Rjwi, Ry, ..., Riym)-

Now assuming that the identity holds for k, we will prove that the identity holds
for £+ 1. By the induction hypothesis and 73, A being symmetric, it follows that

Qmo RmA(wlv vy Wit 1,Yk+2, - - - 7ym)
:Q’"L(R’ITLA)(wlv cey We 15 Y425 -+ 5 ym,)
:li;an(RmA)(ym W2y o vo s Whet-15 Ykt-25 - - -5 ym)

:héan(RmA)(’LUQ7 sy Wit 1 Yoo Ykd-25 - - 5 Um)
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= lingmA(Rllwg, oy Riwgst, Rl Yo, RiYkao, - RlYm)
= liénTmA(R’lya, Riws, ..., Rlwgs1, Riykso, -, Riym)
=T A(Rywy, ..., Riwgs1, Riyki2, -, Riym).-

QED

Next we will prove that each isomorphism between E’ and F’ induces an
isomorphism between L(™E;G’) and L(™F;G’) for all m € N. If E and F
are symmetrically Arens - regular, then each isomorphism between E’ and F’
induces an isomorphism between P(™E;G’) and P(™F;G’) for all m € N.

Given a continuous linear operator

R, : L("E;G) — L(™F;G),
we define
Un: A€ L("D;L("E;G)) — RypoAc L("D; L("F; Q).

‘We observe that if R,, is an isomorphism then U, is also an isomorphism, whose
inverse

UL L("D; L(™F;G)) — L("D; L(™E; G))

is defined by U,,1(B) = R;;! o B for all B € L("D; L(™F;G)) where R} is the
inverse of R,,. Thus, with the previous notations, it is possible to rewrite the
definition of the Nicodemi operators in the following way:

14 Lemma. Given an operator
R, : L("E;G) — L(™F;G),

the operator
Ryy1: L(MTE;G) — L(MTLF; Q)
is given by

Ryng1(A) = L' [Ryn o (R1 0 Ln(A)'] = I, o T 0 Uy 0 T 0 Uy 0 Iy (A)

for all A € L(™HE;G).

The following theorem was obtained in [4]. But we will need our proof in
the proof of the subsequent theorem.

15 Theorem. If E' and F' are isomorphic, then L("™E) and L(™F) are
isomorphic for all m € N.
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PROOF. Since E’ and F’ are isomorphic, there exists an isomorphism Rj :
E' — F'. Let Ry, : L(™E) — L(™F) be the Nicodemi sequence beginning
with R;. We will prove by induction on m € N that R,, is an isomorphism
between L(™FE) and L(™F) for all m € N. By hypothesis Ry : E/ — F’ is an
isomorphism. Assuming that Ry and R,, are isomorphisms, we show that Ry,
is also an isomorphism. In fact, by Lemma 1 it is possible to rewrite

Rypt1 = ];ll oTtoUy 0T oU o1,

Since R; and Ry, are isomorphisms, we have that U; and U, are also isomor-
phisms. Thus R,,+1 is an isomorphism between L(™T!E) and L(™*'F) being
a composite of isomorphisms. Therefore L("™FE) and L(™F') are isomorphic for
all m € N. QED

16 Theorem. If E' and F' are isomorphic, then L(™E;G') and L(™F; G")
are isomorphic for all m € N.

PROOF. Since E’ and F’ are isomorphic, there exists an isomorphism Rj :
E' — F'. Let R, : L(™E) — L(™F) be the Nicodemi sequence beginning
with R;. Let

Ry : L(™E,G') — L("F,G")

be the corresponding Nicodemi sequence for vector-valued multilinear mappings.
We observe that

(650 RmA) = Ry (8, 0 A) (6)
for all z € G and A € L(™FE;G’). In fact, by [8, Proposition 4.1],
(620 ﬁ'r;A)(y) = EW;A(U)(z) = Rn(d. 0 A)(y)

for all y € F™. It follows from the proof of Theorem 15 that R, is an isomor-
phism for all m € N. Let Sy, : L("™F) — L(™E) denote the inverse of R, for
all m € N. We define

Sm i L("F;G') — L(™E;G')

by SpmB(2)(2) = Sm(8.0B)(z) forall B € L(™F;G'), x € E™,z € Gandm € N.
Thus S, is linear and continuous. We will show that R,, is an isomorphism
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between L(™E;G') and L(™F;G’) for all m € N. In fact, we have that by (6)

Sm 0 R A(2)(2) =Sm(Rim A) () (2)
=Su(8: 0 Ry A)(x)
=S (R (6 0 A))(x)
=[Sm0 R (0, 0 A)](x)
=(0, 0 A)(x)
=A(z)(2)

for all A € L(™E,G'),x € E™ and z € G. In a similar way, we can get that
(Rp 0 Sm)B = B for all B € L(™F; ). QED

17 Theorem. If E and F are symmetrically Arens - regular, and E' and
F’ are isomorphic, then L*(™E) and L*(™F) are isomorphic for all m € N.

PrOOF. We write Jg(z) = z for all x € E. Recall that by [8, Proposition
2.1) T Az, ..., xm) = A(z1, ..., 2p) for all A € L(™E) and z1,...,2y, € E.
Since E’ and F’ are isomorphic, there exists an isomorphism Ry : B/ — F’.
Let Ry, : L(™E) — L(™F) be the Nicodemi sequence beginning with R;. Let
S; = R7' : F' — E' be the inverse of Ry and let Sy, : L(™F) — L(™E)
be the Nicodemi sequence beginning with Si. Since F' is symmetrically Arens
- regular, we have by Theorem 11 that Sy, (L*(™F)) C L*("™E). By Theorem
9 we have that Sp,B(z1,...,2m) = QmB(Siz1,...,S512m) for all B € L("MF),
and x1,...,T;, € E, where S} is the transpose of S7. In particular, we have that

Sm(RmA) (21, .., 2m) = Qum(RmA)(Siz1, ..., Siwm) (7)

for all A € L("™E). On the other hand, since F is symmetrically Arens - regular,
it follows from Theorem 11 that R, (L*(™FE)) C L*("™F'). Moreover, by Theorem
13 we have that

Qm(RmA)(S1@1, ..., S1am) = T A(RY(S121), - ., Ry(S12m)), (8)
for all A € L°("™FE). Therefore we conclude by (7) and (8) that

SR A) (21, . . 2m) =Qm(RmnA)(Si21, ..., S1Zm)
T A(RY(Si1), ..., B (S}m))
=TnA(z1,. .., xm)
=A(z1,...,%m),

for all A € L5(™E), that is

(S o Rp)A = A (9)
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for all A € L*(™F). In an analogous way, we can prove that (R, © S,,)B = B
for all B € L(™F). GED

The following Corollary 18 was proven by Lassalle - Zalduendo in [11] and
by F. Cabello Sanchez, J. Castillo and R. Garcia in [4] by a different method.

18 Corollary. If E and F are symmetrically Arens - reqular, and E' and
F'" are isomorphic, then P("™E) and P(™F) are isomorphic for all m € N.

19 Theorem. If E and F are symmetrically Arens - reqular, and E' and F'
are isomorphic, then L*(™E; G') and L*(™F;G') are isomorphic for all m € N.

PROOF. Since E’ and F’ are isomorphic, there exists an isomorphism Rj :
E' — F'. Let Ry, : L(™E) — L(™F') be the Nicodemi sequence beginning
with Ry. Let S1 = Rl_1 : I/ — E' be the inverse of Ry, and let Sy, : L(™F) —
L(™E) be the Nicodemi sequence beginning with S;. Let R,, : L(™E;G") —
L(MF;G') and Sy, : L(™F;G') — L(™E;G’) be the corresponding Nicodemi
sequence for vector-valued multilinear mappings. By Theorem 12 we have that

Fon(L*("B; G)) € L°("F5 ). (10)
and

Sm(L*(MF;G") C L*(ME; G). (11)
It follows from the proof of Theorem 16 that 73:,; is an isomorphism between

L("E;G') and L("™F; G") such that f{;il = Sy, By (10) and (11), we have that

Run|ps(mp;cry is an isomorphism between L*(™E;G') and L°("F; G"). QED

The following Corollary 20 was proven for Carando - Lassalle in [5] by a
different method.

20 Corollary. If E and F are symmetrically Arens - reqular, and E' and F’
are isomorphic, then P(™E;G') and P(™F;G') are isomorphic for all m € N.

2 Isomorphisms between spaces of nuclear multilin-
ear mappings or homogeneous polynomials.

We will use the following notation:
(o1 @ 2 @ ¢) (w1, 02) = p1(21)p2(T2)c

for all p1,09 € E',c € F and 1,79 € E. The next lemma comes essentially
from Aron and Berner [1].
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21 Lemma. [1, Proposition 2.2] Let T,, : L(™E) — L(™E") be the
Nicodemi sequence beginning with the natural embedding Ty = Jg : E' — E".
Let A€ Ly(™E) and let c1,...,¢cp €K, @14,...,0mi € E',1 <i <n such that

A(xla--w Z‘Plz(rl @mz(mm) (&

for all (x1,...,2,) € E™, then
n
Ton(A) (@], am) =Y (Tion) (@) - (Topmi) (@)
i=1

for all (2, ... a) € (E")™. In particular T, (A) € Ly("™E").

22 Lemma. Let T, : L(™FE) — L(™E") be the Nicodemi sequence begin-
ning with the natural embedding Ty = Jg : E' — E". Let A € Ly(™FE) and let
(pji)ien in B/, 1 < j <m and (¢;)ien in K with

oo
> lenill -« llemilllleall < o0
i=1

such that
A(Il,..., 29012@1 @mz(xm) Ci

for all (x1,...,2m) € E™. Then T,,(A) has the following form:
o0
Ton(A) () =Y (Tupra) (@) -+ (Troma) (e
i=1

for all (x%,...,2) € (E")™. In particular Tp,(A) € Ly(™E").

PROOF. Let 4,, = Zi:l P1i® - @Pmi®c; for alln € N. Then A, € Ly("™E)
and A, — A for the nuclear norm, that is

[An — Allx — 0. (12)

By Lemma 21 T, Ay, has the following form: T, Ap, = Y7 T101;®-@T190miRc;
for all n € N. It follows that T, An — Y oo Th1i @ - - ® Tiom; ® ¢; for the
nuclear norm. In particular

00
TmAn — Z Tl‘foli R TISOmi ® ¢ (13)
i=1
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pointwise. On the other hand, we have that
TI’LATL _> T"LA (14)
pointwise. Then by (12)

T A, ... 2) = T An (2, . )|l
=[|(TnA — T Ap) (2l ..., )|
=[|I T (A = An)(af, ..., i)l
Tl A = Anllll (27, - 2l
< TmllllA = Anlln (27, .. 2) ]| — 0

for all zf,..., 2z, € E”. By (13) and (14), we have that

[ee)
Ton(A) (], am) = (Trpr) (@) - - (Trom:) (2, e
i=1
for all zf, ...,z € E" and therefore T, (A) € Ly(™E"). QED

Next we will see that the operators from the Nicodemi sequence preserve
multilinear mappings of finite type and nuclear multilinear mappings. We con-
sider first the case of scalar-valued multilinear mappings.

23 Theorem. Let R, : L(™E) — L(™F) be a Nicodemi sequence. Then
Ry,A € Lo(™F) for all A € Lo(™E), where © = f or N.

Proor. We will write the proof in detail in the case © = N. In the case
© = f, the proof is similar. Given A € Ly ("™E), there exist sequences (¢j;)ien
in B/, 1 < j <m, and (¢;)ieny in K, with > 72, [@1ill - - [lomilllci] < oo such
that A(z1,...,2m) = > i ¥1i(@1) - - - @mi(@m) ¢ for all (z1,...,xp) € E™. Let
T o L(ME) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jpr : E' < E". By Theorem 9 we have that

for all A € L(™E), and y1,...,ym € F, where R} is the transpose of Ry and by
Lemma 22 we have that

g

Ton(A) (&, a) =D (Tipra) (@) - (Tipma) (@)
i=1

for all (zf,...,z),) € (E")™. Therefore
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RmA(yh sy ym) :TmA(Rll(JFyl)’ cees R/l(JFym))

= Z(Tl e10) (R Jry1) - - (T1pmi) (R JFym) ci

i=1
00

= Z Rl‘Pli(yl) o Rl‘Pmi(ym)Ci
=1

for all y1,...,ym € F because < Tip, R\ (Jrpy) >=< Jgo, R (Jry) >=
< Ri(Jpy),p >=< Jpy,Rip >=< Rip,y >, for all p € E' and all y € F.
Therefore -
RpA=Y Rip1i® @ Ripm;i @i (15)
i=1
and then R, A € Ly(™F). QED

The next theorem considers the case of vector-valued multilinear mappings.

24 Theorem. Let Ry, : L(™E) — L(™F) be a Nicodemi sequence and let
R L(ME;G') — L(MF;G) be the corresponding sequence for vector-valued
multilinear mappings. Then Ry A € Lo(™F;G') for all A € Lo(™E;G') where
O=forN.

ProOF. We will only write the proof in the case ©® = N. In the case © = f,
the proof is similar. Given A € Ly(™E;G") there exist sequences (pji)ien in
E' 1<j<m,and (¢)ieny in G, with 3272, [[@uill - - - [lomill||cil] < oo such that
A=Y7101i @ QPmi ®¢. Then 6,0 A =372, 01 ® - ® i @ ¢i(z) for
all z € G, and clearly 0, 0 A € Ly(™E). We have by (15) that

o0
Ry (6.0A) = ZRISOM ® - ® Ripm; ® ci(2)
i=1
for all z € G. Then
R A1, -+, ym)(2) =Rm(6 0 A)(y1, .., ym)
o0
= Ripni(y1) - Rigmi(ym)ci(2)

i=1

for all z € G and yy,...,ym € F. We conclude that

oo
RmA:ZR180u®"'®R1Wmi®Ci (16)

i=1

and then R, A € Ly(™F;G). QED
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25 Definition. Given a Nicodemi sequence R, : L("E;G) — L("MF;G),
we define

Ry i P(ME;G) — P("F;G)

by R A= m por every symmetric A € L(™E; G).

26 Lemma. Let T, : L(™E) — L(™E") be the Nicodemi sequence begin-
ning with the natural embedding Th = Jp : E' — E". Let P € Py(™E) and let
cly..ycn €K, 01,...,0m € E' such that

o0
P = ng;n ® ¢;.
i=1

Then
N oo
Tu(P) =Y (Tipi)" @ ci.
=1

In particular fm(P) € Pn(™E").

The proof of Lemma 26 is similar to the proof of Lemma 22 and is omit-
ted. Next we will see that the operators from the Nicodemi sequence preserve
homogeneous polynomials of finite type and nuclear homogeneous polynomials.
We consider first the case of scalar-valued homogeneous polynomials.

27 Theorem. Let Ry, : L(™E) — L(™F) be a Nicodemi sequence. Then
R, P € Po(™F) for all P € Po(™FE) where © = f or N.

Proor. We will only write the proof in the case ©® = N. In the case © = f,
the proof is similar. Given P € Py(™E), there exist (¢;)ien € K, (pi)ien € E’
such that P can be written in the form: P(z) = Y77, ¢;(x)™¢; for all z € E. Let
T : L(ME) — L(™E") be the Nicodemi sequence beginning with the natural
embedding Ty = Jp: : E' < E". By Theorem 9 we have that

for all A € L(™E), and y1,...,ym € F, where R} is the transpose of Ry and by
Lemma 26 we have that T, (P) has the following form:

N o0

Tn(P) (") =Y (Tipi) (") e

i=1

for all 2" € E”. Therefore, A being the m-linear mapping associated with P, it
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follows that
R P(y) =RnA(y,....y)
N——

m—times
=T AR (TFy). - ... R1(TFy))
m—times
:TmP(R/l(JFy))
oo
= (Tipi) (R (Jry))" i
i=1
oo
=Y (Rigiy))"ci
i=1
for all y € F. Therefore,
oo
RyP =Y (Rigi)" @ ¢ thy
i=1
and then R, P € Py(™F). aED

The next theorem consider the case of vector-valued homogeneous polyno-
mials.

28 Theorem. Let Ry, : L(™E) — L(™F) be a Nicodemi sequence, let Ry, :
L(ME;G') — L(™F;G’) be the corresponding Nicodemi sequence for vector-
valued multilinear mappings. Then R P € Po(™F;G") for all P € Po(™E;G')
where © = f or N.

PrOOF. We will only write the proof in the case © = N. In the case
© = f, the proof is similar. Given A € Py(™FE;G’), there exist sequences
(pi)ien In E', and (¢;)ieny in G" with 322 |les]|™|lci|l < oo such that A(z) =
Yo pi(x)me; for all @ € E, where A € L¥("™E;G’). We observe that if B =
Y 0i® - ®p;R¢, then B € Ly(ME;G') N L*(™E;G') and B = A. Then

————
m—times
A = B from the injectivity of the canonical isomorphism L*(™E;G') —
P(™E;G). Thus, we get that A € Ly(™E;G") and by (16)

F;A = ZRHO«;@ - ® R ®c¢;.
N—

=1 m—times

Since Emg = j%;A, it follows that
n

EmP = Z(Rlsﬁi)m ®c (18)

i=1
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and then R,,P € Py(™F; Q). QD

We remark that if £ is a closed subspace of F, then Aron and Berner [1,
Theorem 2.1] proved that the restriction mapping

Pn(MF;G) — Py("E;G)

is surjective for each m € N, but even in the case of the natural embedding
Jg : E — E" they did not study the problem of existence of a linear extension
operator

T : PN(mE) — PN(mE”)

for each m € N. Next we will see that each isomorphism between E’ and F’
induces an isomorphism between Lg(™FE;G’) and Lo (™F;G") for each m € N
and induces also an isomorphism between Pg(™E; G') and Pg (" F; G’) for each
m € N, where © = f or V.

29 Theorem. If E' and F' are isomorphic, then Lo(™F) and Lo(™F) are
isomorphic, for all m € N, where © = f or N.

Proor. We will only write the proof in the case ©® = N. In the case © = f,
the proof is similar. We use the notations from the proof of Theorem 17 By
Theorem 23 we have that R, (Ly("FE)) C Ly(™F). As in the proof of Theorem
23 we can prove that Sp,(RmA) = > 721 S1(R1¢1i) @+ - - @ S1(R1¢mi) ® ¢;. Since
S10 Ry is the identity, we have that S (RmAd) = D00 91 ® - @ omi Q¢ = A
for all A € Ly(™E). On the other hand, in a similar way, we can get that
Sm(Ly(MF)) C Ly(™E) and Ry, (SmB) = B for all B € Ly (™F'). We conclude
that Ly ("™E) and Ly (™F') are isomorphic for all m € N. QED

30 Theorem. If E' and F' are isomorphic, then Lo(™E;G') and
Lo(™F;G") are isomorphic for all m € N, where © = f or N.

Proor. We will only write the proof in the case © = N. In the case
© = f, the proof is similar. We use the notations from the proof of Theo-
rem 19. By Theorem 24 we have that R, (Ly(™E;G')) C Ly(™F;G') and
Sm(Ln(™F;G')) C Ly(™E;G'). As in the proof of Theorem 24 we can prove
that S,VH(E;A) = Y2 S1(Rip1i) @ -+ @ S1(Rigmi) ® ¢;. Since Sp o Ry is
the identity, we have that g,vn(/]_%\,;A) =YX 0@ @ pmi @ ¢ = A for
all A € Ly(™FE;G"). On the other hand, in a similar way, we can get that
Ron(SmB) = B for all B € Ly(™F;G'). We conclude that Ly(™E;G') and
Ly(™F;G") are isomorphic for all m € N. QBED

31 Theorem. If E' and F’ are isomorphic, then Po(™FE) and Po(™F) are
isomorphic for all m € N, where © = f or N.
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Proor. We will only write the proof in the case ® = N. In the case
O = f, the proof is similar. We use the notations from the proof of Theorem 17.
By Theorem 27 we have that R,,(Py(™E)) C Py(™F) and S'\WQDNQ"F)) C
Pn(™E). As in the proof of Theorem 27 we can prove that S, (R,P) =
Yo (S1(Rig:))™ ® ¢ Since Si o Ry is the identity, we have that Sy, (R, P) =
Yo (i)™ @ ¢; = P for all P € Py(™E). On the other hand, in a similar way,
we can get that }A%m(ng) = Q for all Q € Py(™F). We conclude that Py ("™E)
and Py (™F') are isomorphic for all m € N.

32 Theorem. If E' and F' are isomorphic, then Po(™E;G’) and
Po(™F;G') are isomorphic for all m € N, where © = f or N.

Proor. We will only write the proof in the case of © = N. In the case
of © = f the proof is similar. We use tkle notations from the proof of The-

orem 19. By Theorem 28 we have that R,,(Py(™E;G')) C Px(™F;G') and
§m(’PN('”F; G")) C Pn(™E;G"). As in the proof of Theorem 28 we can prove
that §m(EmP) = > 2 (S1(Rigi))™ @ ¢;. Since Sp o Ry is the identity, we
have that §m(§mP) = > 2 (e)"®¢ = P for all P € Py(™E;G'). On
the other hand, in a similar way, we can get that E7n(§7nQ) = @Q for all

Q € Pn(™F;G"). We conclude that Py(™E;G') and Py (™F;G’) are isomor-
phic for all m € N. QED

Let us notice that in Theorems 29, 30, 31 and 32 we do not need the Arens
regularity hypothesis.

3 Isomorphisms between spaces of compact or
weakly compact multilinear mappings or
homogeneous polynomials.

We first show that the operators E; from the Nicodemi sequence preserve
compact and weakly compact multilinear mappings.

33 Theorem. Let R, : L("™FE) — L(™F) be a Nicodemi sequence and
let Ry, : L(ME; G') — L(™F;G") be the corresponding Nicodemi sequence for
vector-valued multilinear mappings. Then R, A € Lo(™F;G') for each A €
Lo(™E;G'), where © = K or WK.

PRrROOF. Let T}, : L(™E) — L(™E") be the Nicodemi sequence beginning
with the natural embedding 7y : £/ < E" and T),, : L(™E; G') — L(™E"; G')
be the corresponding Nicodemi sequence for vector-valued multilinear mappings.
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This sequence coincides with the sequence of operators constructed by Aron-
Berner in [1, Proposition 2.1]. Therefore, by [1, Proposition 2.1], we get that
ThA € Lo(ME";G") for each A € Log(™E;G’), where © = K or WK. By
Theorem 10 we have that

for all A € L(™E;G’) and y1,...,ym € F, where R} is the transpose of Rj.
If T,,A € Lo(ME";G"), it follows that R, A € Lo(™F;G"), where © = K or
W K. Therefore we conclude that R,,A € Lg(™F;G') for each A € Lo(™E;G’),
where © = K or WK.

We next show that the operators R, from the the Nicodemi sequence pre-
serve compact and weakly compact homogeneous polynomials.

34 Theorem. Let R, : L(™E) — L(™F) be a Nicodemi sequence, let
Ry, : L(ME;G") — L(™F;G") be the corresponding Nicodemi sequence for
vector-valued multilinear mappings. Then RnP € Po(™F;G") for each P €
Po(™E;G"), where © = K or WK.

PROOF. Let (T},) and (T,) be the sequences from the proof of Theorem
33. The sequence (T,,) coincides with the sequence of operators constructed by
Aron-Berner in [1, Proposition 2.1]. Then the sequence T, : P(™E;G') —
P(ME";G') defined by ThnA = T, A for each A € L*(™E;G') coincides with
the sequence of operators constructed by Aron-Berner in [1, Corollary 2.2].
Therefore Tp, P € Po(M™E";G') for each P € Po(™E;G'), where © = K or
W K. By Theorem 10 we have that

Emp(y) = ?mP(R’l(JFy))

for all P € P("E;G"), and y € F, where R} is the transpose of R;. It follows
that R, P € Po(™F;G') for each TP € Po(™E"; @), where © = K or WK.
We conclude that R,,P € Po("™F;G') for each P € Po(™E;G’), where © = K
or WK. QED

Let Ly(™E;G) = L*("E;G) N Le(™E; G), where © = K or WK. We next
show that if F and F are symmetrically Arens - regular, then each isomor-
phism between E’' and F’ induces an isomorphism between Pg(™FE;G’) and
Po(™F;G'") for each m € N, where © = K or WK.

35 Theorem. If E and F are symmetrically Arens - reqular, and E' and F’
are isomorphic, then LE (" E; G') and LE (™ F; G') are isomorphic for allm € N,
where © = K or WK.
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PROOF. We use the notations from the proof of Theorem 19. By Theorems
12 and 33 we have that, for © = K or WK

R (L8 (ME; G')) C L (™F; G).

and

S(Le(MF;G) € Ly ("B G).

By (9) we have that Sy, 0 Ry |ps(mp) is the identity mapping. Using (6), we have
that

S’; o E,;A(m)(z) =§n(§;A)(1)(Z)
=5 (8- 0 RppA) ()
=Sm(Rm(d: 0 A))(x)
=[Sy 0 R (6. 0 A)] ()
:((SZ o A)(l’)
=A(z)(2)

for all A € L5, ("E;G'),x € E™ and z € G, that is
(S0 Rpp)A = A

for all A € LE(™E; G'). In a similar way, we can prove that

(Rm 0 Sm)B =B

for all B € L ("™ F; G'). Therefore, we get that L (" E; G') and L (™ F; G') are
isomorphic, where © = K or WK. QED

36 Theorem. If E and F are symmetrically Arens - reqular, and E' and F’
are isomorphic, then Po(™E;G") and Po(™F; G') are isomorphic for allm € N,
where © = K or WK.

PROOF. We use the notations from the proof of Theorem 32. By Theorem
34 we have that, for © = K or WK,

Rin(Po("E;G")) C Po("F; G).

and

Sm(Po("F;G")) C Po(ME; G').
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By (10) and (11) we have that for each A € Pg(™E;G")

(S 0 Bon)(A) =5om (R A)

:S'm(RmA)

That is,

(SmoRm)A=A
for all A € Po(™FE;G"). Similarly we can prove that

(RmoS,)B=B
for all B € Po(™F;G'). Thus we conclude that Pe(™E;G’) and Pe(™F; ')
are isomorphic for all m € N, where © = K or WK. QED
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