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Abstract. The aim of this paper is to prove the irrationality of the sum of some classes of
series of positive rational numbers.
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1 Irrationality of rational series

Various criteria for the irrationality of the sum of infinite series of positive
rationals are known, see the references. We prove another criterion, which is
strictly related to the proof in [6] and to the results in [3], [4], [8].

The first result is an easy step for the final criterion and clarify the role of
the hypotheses.

1 Proposition. Given ay > 1, as > 1 integers numbers, let (ay) be the
sequence defined by

Gpt1 = (a1a2 ce an)mv n>2,

with 1 <~y € N.
Let (by) be a sequence of positive integers such that:

Jk1,7v2 €]0, +o00[ by, < k1a)*, VYn > 2.

If v € [0,1] and 11 (1 — 72) > 1, then the series 3, Z—] is convergent to an
J

irrational number. Moreover for every non decreasing sequence (c;) of positive

bj

J ajcj

integers the series y is convergent to an irrational number.

PrOOF. We remark that (a,) is am imayéading sequence and that by induc-
tion it can be checked that a,.p > 227" for all n. Moreover, the following
inequalities hold:

b ) 1
0l <l
a; a (a1...aj—2)0=22)(a;_1)m
1
<k <k

71
CLJ-71
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As a consequence, the series Z is convergent. Arguing as in [6], assume that
a;
the sum is a rational number o = E’ where p,q € N and 1 < ¢, and observe

=X ) [T =) 3 2

Jj= n+1
is a positive integer and A, > 1. Now:

1

n +oo bj % +oo b7' +o0 b an+1
Av=a([Ja;) > 2 =aas =a >
j=1 j=n+1 7 j=n+1 7 j=n+1 J
1 1
. +00 a"f? L +oo 1
@y > <ha ).
71 1 — X — —1,.7—1
j=n+1 j=n+1 g 71 j=n+1 ((11...(1172)71 Y172 ajty
- +o00 1
<hia 3 2n-1En
j=n+1

Then from the convergence of the series > we have A4, <1

j=n+1 W7
for n large and a contradiction follows. The last statement easily follows from
the inequalities:

b b

cjaj - aj
and, since (¢;) is non a decreasing sequence:

+o0 +o00

> [T < z""“bfnpz b T,

]n+1]]]1 j=n+1 '—n+ljjl

Now we can state our main result.

2 Theorem. Given a; > 1, az > 1, and let (ay,) be a sequence of positive
integers such that:

k1, ko, a1, a0 €]0, 400  ki(arag- - an)™ < apy1 < ko(araz---an)®? (1)
for allm > 3. Let (by,) be a sequence of positive integers such that

ks, y € [0, 400 by < ksal_, Yn>3. (2)

n—1

If the following conditions hold:

—yag >0 (3)
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1
1 k;z 1

— > 1; — <1 4

(al +a2)&2 > b k?l 2&%((&1%»042)?;71) ( )
a; >1 (5)

k
>, (6)

then the series Zj L converges to an irrational number; moreover if (c;) is
"7

. . L b

an increasing sequences of positive integers then also Zj -2 converges to an
“ 7%

irrational number.

PROOF. By (1) and (6) we have:

k1 (a1+az)%
An41 Z —a7 0n > G-

ag
ky

Hence the sequence (ay,) is non decreasing. Moreover from (1) we deduce:
o1 (Gh(antaz))!
1 201 ((artaz) gh)™ _
a > — = -2 a2’ =D
AT (S atan)y "
k;z J ag

and the following inequalities hold:

buta _ ksa) g - ksky 1 ksky 1 ks

= = — [ — @ — n -
Antd Gnid k1 (a1az...ap42)™ Te2ant o k1 an1+3 k2

Consider now the series >, D1, and remark that:

1 [%((11 +ag]™

o[
Dyt ES g2aa((an+az) gl

. 1 . b; .
Then by (4), the series 3, D+ is convergent; hence also }; a Is convergent.

Assume that the sum is a rational number g, where p,g € N and 1 < q, as
in the previous proposition. Observe that

n

An = (pqéZ) [1a =Q<Jf[1aj)

Jj=1

+o0

Zﬁ

a
j=n+1 7
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is a positive integer and A, > 1. But we remark that:

q +o00 b a“l +o00
1Ay < 30 i<
kv j=nt1 Y kal j=n+1 o
1 1 a]

]ng io k;’(al N aj,g)”"“

aj—1

al o _
kl j= n+1k 1 (al---a]’—l)al 1

qk;k” *Z“’ 1 _ qksky *Z“’ 1
i ( 1 ag) et T j=n+1 agy!
a1 -5 i
too 4@ 20 (Gr(a1tas))
quk; Z[ 2 2 1 ]al 1
j=n+1 Ef So(ah(ntag))t g2aa(Gg(aataz))
1
kak; - aQZ (G (crran)) 1 o1
J;l[k 1750 (5 (an o)) 2a12(%(a1+a2))j_4] 1
+o00
qukW 1 a;—1
k Z (D]'*4) o
1 Jj=n+1

aj—1

Since the series ) ].(D;I) @1 is convergent, we have lim, A, = 0, a contradic-
tion follows and the irrationality of the sum is proved.

The last statement can be proved as in Proposition 1. QED

Let us show some examples to which our result can be applied. If we choose
o1 =2 and az = 4, we can select 0 <y < 3 and 0 < ky < k3.

Theorem 2 ensures the following abstract scheme for the irrationality of the
sum of a rational series.

3 Theorem. Consider a pair ((an),), where (a,) is a strictly increasing
sequence of positive integers and 1 : [0, +00[—]0, 400 is an increasing function.
Assume that

[T < wanso). (7
j=1
and take h : [1,+o00[— [0, 4+00[ non increasing such that

+o0
/1 h(€)dE < +oo. (8)
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Then for every sequence (b;) of positive integers for which:

bs
“L1)(a;) < h(ay), (9)
aj

the series Zj 2—; is convergent and the sum is an irrational number.

PROOF. Since

bj _bj
a; = ;jw(a])df(aj) = ¥(aj)

for n > a1 we have

Zn: by < Zn: h(aj 1 zn: h(a;) (a1 — aj)
=% 3 ¥(1) 7/’ = Aj+1 — aj
1 n
g— h(aj)(aj41 — < 7/ h(&)ds.
w ]2:; ] '+ ) 1/1(1) ( )
Then the series Z is convergent. Arguing as in the proof of Theorem 2, we
have:
n +oo +oo
b; b (a;
1<A, =q(H aj) Z i <q an+1) Z Z %
j=1 j=n+1 7 j= i j=n+1 J
+o0 +o0 4o
< Y ha) £ Y hag)agi—a) <q / hE)de.
j=n+1 j=n+1 an
From (8), A, — 0 and we get a contradiction. QED
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