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Abstract. In a previous note [4] we have established some existence and uniqueness theorem
for a new type of differential equation that we have defined hereditary and self-referred type.
In this note we continue the investigation by proving local existence and uniqueness theorems
for other classes of self-referred differential equations.

The classes of equations that we are going to consider are:

%u(x,t) =u </0t u(z, s)ds + ¥ (u(z, t)),t),

e ats(at) g
@u(l‘,t):u /‘Tié(am) Eu(&,t)d{f,t) .
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1 Introduction

In a previous note [4] we have started the study of a new class of functional
differential equations that can be adapted phenomena which evolution presents
self-reference with respect to his history.

Phenomena of hereditary type have been treated since the beginning of XX-
th century ( [10], [3] and [2]), but the attention for phenomena of self-reference
type with respect to the state itself of the phenomenon is recent [1], [9] and [8].

In this note, by continuing the inspection started in [4], and by essentially
using the same line of proof, we introduce and study some new type of func-
tional differential equations establishing for them theorems of local existence
and uniqueness. Also for these equations there are several open problems, as
already signalized in [4].
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2 A class of hereditary and self-referred equations

Let X be the space of continuous functions u : R> — R and ¥ : R — R.
1 Theorem. If 1 satisfies the following condition: 3Ly > 0 such that:

[h(&1) = (&)l < Lyl61 — & V&, &€ R (1)
and if ug satisfies the following conditions: Lo > 0 such that
luo(x) —uo(y)| < Lol —yl, Va,yeR (2)
and
l[uolloo < oo, ®3)

then there exist Ty > 0 and a unique u continuous on R x [0,Ty] such that:
(1) w is bounded in R x [0, Tp]
(2) w is Lipschitz with respect to x uniformly with respect to t € [0,Ty] (and

Lipschitz in t uniformly with respect to x) and moreover, for x € R and
t €10, Tp):

u(z,t) = up(x) + /Otu (/OT u(z, s)ds + w(u(x,r)),T) dr; (4)

whence

gu(l’t)—u(/tu(ws)derw(xt)t)zERtG[OT]
at 0 ’ ) ’ o

()
uw(z,0) = up(x).
Moreover the solution u can be prolonged for all t > Ty.
PROOF. Let us consider the sequence (uy,), defined by recurrence:
t T
uy(z,t) = up(z) +/ o (/ up(z)ds + w(uo(:c))) dr
0 0 (6)

t
— o) + /O g (1o ()7 + (uo(2))) dr,

and forn >1

s (2.6) = ua(e) + [ tun ([ wosias + vt mr ) ar @
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Directly from the definition of u; we can deduce that:
ur (2, t)] < [luolloo + tlluolloo = lluolloc(1 + 1), Vz € R,t>0. (8)

and then, in general, for every n € N:

n

t
fun(, )] < [0l (1 T

ﬁ)suuoumet, VeeRt>0. (9)

Moreover

ur(z, 8) = uo(@)] < tfuolloo := Ar(t),
and also:
t T
lur(@,t) — wi(y, t)| <Lolz — | +/ Lo| / uo()ds+
0 0
+ (o)) = [ wol)ds = (uolo)fdr <
gA T
§L0\x—y\+/ (Lo {/ L0|x—y\ds+L¢L0\x—y|} >d7':
0 0
t T
:<L()+/ Lo |:/ L0d8+L,/)L():| dT>|Ify|:
0 0

t2
=(Lo+ Ly + Ly L3tz — yl.

(10)
Now, if we define
1 t 2 t
Li(t) = Lo+ 5 (/0 L0d7> +L¢/O Lidr, (11)
or, more generally:
1 t 2 t
Lnsa(t) = Lo+ 5 (/ Ln(T)dT) + LQ/ Ly (7)%dr, (12)
0 0

for every n > 1, we can prove, by induction:

[un (2,t) — upn(y,t)| < Ly(t)|z —y| Y e R Vt>0. (13)
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Moreover, since:
' .
U g1 (2, 1) — (2, 1) :/0 (un / un(x,s)ds—i—?/)(un(a?,’r)),T) +
/OT wn(, 8)ds + w(un(x,r)),T) +
/UT Un(z, 8)ds + w(un(m))x) +
/OT Un1(x, 5)ds + w(un,l(w,r)),r) Jar
we can deduce that:
i 12, ) = wn(a, )] <

< /0 t (An(r) 4 Ly (7) ( /0 ’ An(s)ds—l—LwAn(T)) )dr, (14)

if we define, by recurrence, for every n € N:

A (t) = /0 t (An(r) 4 Ly (7) ( /0 ’ An(s)ds—i—Ld,An(r)) )dr. (15)

‘We remark that:

0< Lya(t) — Lo = % ( /0 t Ln(T)dT)

We fix ky > 0 and h < 1; we can then choose Ty > 0 in such a way that

2 t
+ Ly / Ln(7)%dr.
0

1
éL%tZ + Lngt < ko

1
te[0,To] = ¢ kot + Ly(ho + Lo)*t < ko (16)

tQ
0 <t+ (ko+ Lo) <§+Lwt) <h<1.

Hence: 1
0< Li(t)— Lo = 5Lgt2 + Ly L3t < ko,

0< La(t)— Lo = %(/0 Ll(r)d7)2 + Lw/0 L1(7)2d7'

1
< §k8t2 + Ly (ko + Lo)*t < ko
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and then, by induction:
0<Ly(t)— Lo <ko ¥YneN,Vte|0,Tp.

Then
0< Ln(t) < Lo+ ky:=k VneN. (17)

From (15), (16) and (17) there follows:

t
0< Anga(t) < /0 (IAnll + Fr([[AnllT + Ly Anll)) d7

2
= ||A,|| (t + k1 (5 + LW)) < hl| 4]
As a consequence,
[ Antal]
4nll

then there follows that the series with general term given by A, (t) is totally
convergent and so there exists uos : R % [0,7p] — R such that:

<h, VneN;

ngrfoo U (2, 1) = uso(, t)

uniformly in R X [0, Tp]; moreover u is bounded and Lipschitz continuous with
respect to the variable 2 with Lipschitz constant Lo (t) < k1 (and us is, of
course, Lipschitz in ¢ uniformly with respect to ). Minding that:

Un (/Ot Un(z, 8)ds + (un(, 1)), t) . (/Ot oo (@, 8)ds + (oo (2, 1)), t) ]

<lun = tooll < (rx 0,10+

+ Loo(t)h /0 a2, 8) — 10 (2, )|d + (421 (,£)) — W (ttoo (2, 1))

t
<lun = uos || zos (rx(o,10)) + K1 /0 lltn — oo |l Lo (R [0,70]) 5+

+ Ly [lun — too |l Los (rx[0.10))5
from (16) and (17), we can deduce that:

Uoo (T, t) = ug(z) + /Ot Uso (/T Uoo (T, 8)ds + w(uoo(a:,t))ﬂ') dr (18)

0
and then uq, is a solution of the problem:

%um(l‘, t) = uoo (/Ot Uoo(, 8)ds + 1 (uco (2, t))yt)

Uso(2,0) = up(z), =z € R,te[0,Tp].


sibauser
Linea


66 M. Miranda Jr., E. Pascali

In order to prove the uniqueness, we assume that there exists a real continuous
function on R x [0, Ty, say v, such that, for every x € R and ¢ € [0, Tp|:

v(z,t) = uo(z) + /Ot v (/OTU(ZL', s)ds + 1 (v(x, s)),T) dr.

Then for every compact K C R, if z € K:
t T
) — oo\, = ) d ) )

(2, 1) — s (a, 1) </0 \u(/o o, 5)ds + P(v(z, 7)), 7)+

— uoo(/ v(z, s)ds + ¥(v(z, 1)), 7)+
0

+ uoo(/TU(x, s)ds + Y(v(z, 7)), 7)+
0

— uoo(/[J Uoo (T, 8)ds + V(uoo(x, 7)), T)|dT

t
S/ (H’U*UooHLoo(Kx[o,To])Jr
0
+ kl‘ /0 (llv = tooll Loo (& x[0,70)) T

+ Lylv - UooHLoo(Kx[o,To]))DdT <
t
<o — vool Loo (5 x[0,70) / (1+ k17 + Ly Loo)dT
0

<hl|v = ool oo (ke x(0.10]) < 10 = Uooll oo (5 [0,70)) -

Therefore us = v in K x [0, Tp], and then the uniqueness follows.
We remark that: vo(z) = u(z,Tp) verifies the following conditions:
[vo(x) = vo(y)| = kilz =yl [[volloo < [luo||oce™;

hence the local solution u = u(z,t) can be prolonged. QED

3 A class of self-referred equation

In this section we establish a theorem, analogue to the one proved in Section
2, concerning the following class of equations:

92 x+0(x,t) b
ﬁu(m,t):u /z_a(m) &u(f,t)df,t . (19)

The Theorem that we are going to prove is the following:
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2 Theorem. Let « € L°(R,R) N Lip(R, R) and 8 € L*(R,R) be given
functions and let § : R?* —]0,+o00[ be a real and bounded function, Lipschitz
continuous in the x wvariable uniformly with respect to t, that is there erists
Ls > 0 such that

[6(x,t) —(y,t)| < Ls|le —y|, Yo,y € R,V
then there exists Ty > 0 and there exists a unique u : R x [0,Ty] — R continu-

ous, bounded and Lipschitz in x uniformly with respect to t (and Lipschitz in t
uniformly with respect to x) such that:

u(z,t) = a(z) + t8(x // (/:j)aa ul€, )d573> dsdr,

that is

52 x+6(x,t) )
= u(x,t) = S, t)dé, t
gt =ul [ S

u(z,0) = a(x) x € R,te[0,Tp)

0
5u(.0) = B(@)

Moreover the solution u can be prolonged for all t > Tj.

PRrROOF. Let us consider the following sequence, defined by recurrence:

Unt1(x,t) = a(z) + t8(x)+

t T z+0(z,s) b
[ [l unE, $)de, s | dsdr (20)
0 JO z—d(x,s) 8

with:

ui(z,t) = a(z) + t8(z / / </:+6::: ﬁ(ﬁ)df) dsdr.

Since:

t2
lur(z, )] < lledloo + [1Blloct + lldloo 3,
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we get that:
uz (2, )| <[lalloo + [|Blloot

t T 82
[ (Haum+wws+||a||w—) ds
o Jo 2

2t 3 (21)
Sllll (14 5+ ) + 190 (0 ;)

B
<llolle + 180) (1 04+ 5+ 5+ )

and then, in general:
lunt1(z, )] < (lolloo + [Bllc)e’,  Vn € N,Vt > 0. (22)

In the same way it is possible to prove that

0
lgun(x,t)‘ < ([|lloo + |B8]loc)ef,  ¥n € N,V > 0. (23)
We remark that:

2
s (1) — a(@)] < Bl + lallooy = A1(0),

< llallst := Bi().

0
'Eul (z,t) — B(x)

Moreover:

ug(, t) — ua(, 1))

IN

prun(6.s) = 5(6) de)asar

t pT z+d(x,s)
Ai(s) + Lo /
/O /0 ( 1( ) z—d(x,s) 0s
t T rz+0(x,s)
§/ / Al(s)-l-La/ Bi(s)d¢ | dsdr
0 Jo z6(z,s)

:/t /T(Al(s)+La25(x,s)31(s))dsd7
0 JO

IN

< /0 /0 (Ay(s) + Lo MBy(s))dsdr := As(t), "

where L, denotes the Lipschitz constant Lipschitz of the function o e M =
2[|6]|oo- In general we define, for n > 1:

t T
Apia(t) = /0 /0 (An(8) + Lp—1(s)M By,(s))dsdr (25)
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and .
Buia(t) = [ (Aals) + MLyoa(5)Bu(s))ds, (26)
0
and we note that:
0
alet)— Sn(e)] -

t z+0(z,s) 9 t z+6(x,s)
- | /0 w < / o 536 s)dg,s> ds — /0 o ( / s ﬁ(f)d§> ds|
/t(Al( ) + LaMBi(s))ds. (27)
0

Minding that, if we denote by Lg the Lipschitz constant of the function 3:
ur(z,8) — ur(y, t)] <(La + thg)lz =yl

L [ e

y+0(y,s)
. / ,B(g)df‘dsdr
y—6(y,9)

<(L(, + tL5)|I — yH—

//L 9(1 + Ls)[|Bllocl — 1]

(L Ly 4 2La(1 4 L) ) &~ y,

we can define the Lipschitz constant of u; by:

t2
Ll(t) =La+ tLﬂ + 2Loc(1 + L(S)HB”OO§

We fix ko and we choose Ty > 0 in such a way that

2
tLg +4(1+ Ls)e™ ([lalloo + [1B]lo0) (La +ko) < ko. (28)
Now in general, we can deduce that for n > 1:
|Un+1(.7,',t) - un+1(y7 t)' < Ln‘*'l(t)“lj - y|7 Vlvy € R7Vt > 07

where:

LTL+1 (t) = La + tL[g*F
t T
+2(1+ L(;)/ / L, dsdr. (29)
070 Lo (Rx[0,T0])

0
s) 'Eun
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Then:
Lpt1(t) < Lo +tLg+

t T
401+ L) lallo + [81) [ [P L(o)dsar <

t T
< Lo+t + 40+ Lol +101) [ [ Lu(o)dsdr. (30)
0 JO
From (28), we obtain that:

t2
0 < Li(t) = La < tLy +4(1 + Ly)e™ (ol + I8lloc) Loz < ko, (31)

for t € [0,Tp]. In the same way:

t T
0 < Lo(t) — Lo <tLg +4(1 + Ls)(|| ]l oo + H/a’Hoo)eTo/O /0 Li(s)

<tLg +4e™(1+ Ls)(||c]loo + [18]lo0) (ko + La)g
<ko,
t € [0, Tp]. Hence, by induction, we can prove that:
0< Ly(t) <ko+ Lo :=ki, Vne€ N,Vtel0,Tp. (32)

Using the estimate (32), from (25) we can deduce that, Vn € N and V¢t € [0, Tp):

A< | t [ nto)+ 30+ LBt (33)
and from (26), Vn € N,Vt € [0, Tp):
Busa() < [ () + Mo + L) By(s))ds, (34)
for every n € N. We have obtained then that:
Apr() < (Al + Mba B, )5, wmeNwee0 . (35
Buni(t) < (I4nll + Mkt | Bal)t, Vne NVie DT (36)

If at this point we assume that Ty has been choosen in such a way that for
t € [0,Tp] we have that

t2
0< (14 Mk) <5+t> <2h <1, (37)
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we obtain that

t2
An+l(t) + B7L+1(t) S (5 + t) (”An” + ]V[kIHBnH) S

t2
< (5 +t) (M + ([ Anll + 1 Bal) < A1 A + [ Bal). (38)
We have then proved that the series
S (Ausr() + Busa(), ¢ € [0,T)

is totally convergent and, then, the same is true for the series

Z Apya(t) Z By (t

Up, = Ueo

There follows that:

5 in R x [0, Tp].

ot ot
On the other hand, us is Lipschitz continuous in x uniformly with respect to
t € [0,Tp] with Lipschitz constant L (t) < ki (and Lipschitz in ¢ uniformly
with respect to x); moreover

rz+6(x,t) 9 z+6(x,t) 9
Up, —up(&,1)dEt | — us / — U (&, 1) dE
L. aimEne [ Bl

Up =

x+0(x,t) 9 a
<l elleiroy Hn [ (e~ g (60) de
z—0(z,t)
< — oo k|| =—u, — — 2M 0.
< llun = ttoollzo=rxtoin)) + b1 P Loo(Rx[0,To)) -

We can then easily deduce that:

z+d(x,s)
Uso(z,1) = a(z) + tB(x / / Uso (/ : Y gtuoc(f,s)df, 5) dsdr

for every x € R, t € [0, Tp]. Uniqueness of the solution follows easily, arguing as
in Theorem 1.
We remark that:

lu(z, To)| < (l[al|+1B]))e™

and

0
P Igpule To)l < (el +[18)e™ < (lall+[/])e™

|u(I7T0) - u(y,T0)| < kl‘x - y|’

hence the solution u = u(x,t) can be prolonged. QED
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