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Abstract. We introduce the notion of rotation hypersurfaces of S” x R and H" x R and
we prove a criterium for a hypersurface of one of these spaces to be a rotation hypersurface.
Moreover, we classify minimal rotation hypersurfaces, flat rotation hypersurfaces and rotation
hypersurfaces which are normally flat in the Euclidean resp. Lorentzian space containing S™ x R
resp. H" x R.
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1 Introduction

In [3] the classical notion of a rotation surface in E* was extended to rota-
tion hypersurfaces of real space forms of arbitrary dimension. Motivated by the
recent study of hypersurfaces of the Riemannian products S” x R and H" x R,
see for example [2], [4], [5] and [6], we will extend the notion of rotation hyper-
surfaces to these spaces. Starting with a curve a on a totally geodesic cylinder
S! x R resp. H! x R and a plane containing the axis of the cylinder, we will
construct such a hypersurface and we will compute its principal curvatures.
Moreover, we will prove a criterium for a hypersurface of S” x R resp. H" x R
to be a rotation hypersurface and we will end the paper with some applications,
including a classification of minimal rotation hypersurfaces of S” xR and H" xR.
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2 Preliminaries

Denote by E"*2 the Euclidean space of dimension n + 2 and by L"*2 the
Lorentzian space of dimension n + 2, equipped with the metric ds? = —da? +
dzd+ -+ dx?l+2. In order to study the spaces S™ x R and H" x R, we use the
following models:

S"xR = {(xl,,..,anrg)EIE"”|x%+x%+~~+x%+1=1},
H*xR = {(z1,...,%n42) EL"? | —2f+ 23+ - +22,, =1, 21 > 0}.

From now on, we denote by M either S or H and we set ¢ = 1 in the first case
and £ = —1 in the second case. Remark that £ = (z1,...,2,41,0) is a normal
vector field on M™ x R with (£,£) = e and that the Levi Civita connection V
of M™ x R is given by

VxY = DxY + &(Xur, Yirn )€,

where D is the covariant derivative in E"*2 resp. L"*2 and Xy and Yin denote
the projections of X and Y on the tangent space to M". The curvature tensor
R of M" x R is given by

<I%(XV7 Y)Z, W> = €(<Ymn7 ZM[n><XMn, WMn> — <XMn7 ZMn)(YMn7 WMn)).
Let f: M™ — M"™ x R be a hypersurface with unit normal N. Let 7" denote
the projection of ﬁ” on the tangent space to M™ and denote by # an angle

function such that cos = (NN, ﬁ) This means that
0
= f.T + cosf N.
OTpyo

Let V and R denote the Levi Civita connection and the Riemann Christoffel
curvature tensor of M™ respectively and let S be the shape operator of the
hypersurface. Then the equations of Gauss and Codazzi are given by

Te((X, W)Y, Z) — (X, Z)(Y, W)

Y, TYW, T)(X, Z) + (X, TNZ, T)(Y, W)

—(X, YW, TNY, Z) = (Y, TNZ, T) (X, W),

VxSY —VySX —S[X, Y] =ccos0((Y,T)X — (X, T)Y), (2)

where X, Y, Z, W are vector fields tangent to M". Moreover, by using the fact
that ﬁa’” is parallel in M" x R, we obtain

VxT =cosb SX, XlcosO] = —(SX,T). (3)
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3 Definition and calculation of the principal curva-
tures

Consider a three-dimensional subspace P3 of E"+? resp. L"*2, containing
the x,,19-axis. Then (M™ x R) N P? = M! x R. Let P? be a two-dimensional
subspace of P3, also through the z,,49-axis. Denote by Z the group of isometries
of B2, resp. "2, which leave M" x R globally invariant and which leave P?
pointwise fixed. Finally, let a be a curve in M' x R which does not intersect P2.

1 Definition. The rotation hypersurface M™ in M" x R with profile curve
a and axis P2 is defined as the Z-orbit of a.

Remark that rotation hypersurfaces of S™ x R are foliated by spheres. Ro-
tation hypersurfaces of H” x R are foliated by spheres if P? is Lorentzian, by
hyperbolic spaces if P? is Riemannian and by horospheres if P? is degenerate.
It is clear from the definition that the velocity vector of « is proportional to T,
unless « lies in a plane orthogonal to WBH’ in which case T' = 0.

We will now construct an explicit parametrisation for a rotation hypersurface
M". To do this, we distinguish four cases. In all cases we will assume that P3
is spanned by %, ﬁ and ﬁ.

1 Case. M" =8§"

We may assume that P? is spanned by % and az . First, we consider
the case that the profile curve is not a vertical line on Sl x R. Then it can be
parametrized as follows:

a(s) = (cos(s),0,...,0,sin(s),a(s)),

for a certain function a. Since a should not intersect P2, one has to choose the
parametrisation interval such that sin(s) never vanishes.
An explicit parametrisation of the rotation hypersurface is given by

f(s,t1, .o tn_1) = (cos(s),sin(s)p1(t1, ...y tn1), ... sin(s)en(ts, ..., tn_1),a(s)),

where ¢ = (¢1,...,¢n) is an orthogonal parametrisation of the unit sphere
§"1(1) in B, de. @ 4o+ 92 = Land G50 4. 4 Genlen — 5,
Remark that

(?t1

O~ (—sins),con(s)e, - cos(s)pn,(5),
s

of  _ RPN PN

o (0, sin(s) oL, ,...,sin(s) oL, ,0),

& = (cos(s),sin(s)1,...,sin(s)pn,0).
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Hence the unit normal vector field N on M", tangent to M" x R is given by

\/H;aw(_ sin(s)a’(s), cos(s)a’(s)p1, . . .,cos(s)a’(s)pn, —1).

We will now compute the shape operator S of M. Observe that for X,Y
tangent to M™

(8X,Y) = (~VxN,Y) = (VxY,N) = (DxY, N),

where V is the Levi Civita connection of M x R and D that of E"*2, resp. LT2.
Now using the fact that ¢ is an orthogonal parametrisation of a unit sphere, we
find

of of o?f
LTy N) =
<S&ti’ 8t]-> <ati3t]‘7 =0
of of, _ , &*f _
<S07t£7£> - <ati88’N>_OA
This implies that the basis {g—g, %7 R Btif,l} diagonalizes S. We compute
the principal curvatures as follows:
of of 1
A= (sl oy L
9s’ 0s" (9L 91
Pt
0827 L dl(s)2
B B a//(s)
T Urde
of of 1
i = (S5, *>W
ot;’ Ot; <67tfl787tf1>
0% f 1

2
. )
i R
a’(s) cot(s)
(14 a'(s)2)1/2"
Since p; is independent of i, we denote it by .

If a is a vertical line a(s) = (cos(c),0,...,0,sin(c),s), where ¢ is a real
constant such that sin(c) # 0, we obtain from an analogous calculation

A =0,
Iz — cot(c).
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We conclude that the shape operator S has at most two distinct eigenvalues
and if there are exactly two, one of them has multiplicity 1 and the corresponding
eigenspace is spanned by T'.

2 Case. M" = H" and P? is Lorentzian

In this case we may assume again that P? is spanned by 81 and
Starting with the curve

a(s) = (cosh(s),0,...,0,sinh(s),a(s)),

(’“)m +2

with s # 0, we can perform exactly the same calculation as in case 1, yielding

)\ B a//(s)
T UG
_d'(s) coth(s)
S IO
If o is a vertical line a(s) = (cosh(c),0,...,0,sinh(c),s), where ¢ # 0 is a
real constant, we obtain
A =0,
u = —coth(e).

3 Case. M™ = H"” and P? is Riemannian
We may suppose that P2 is spanned by 8zi)+1 and a
curve is given by

> and that the profile

Ty

a(s) = (cosh(s),0,...,0,sinh(s),a(s)) .

Remark that o does not intersect P2.
An explicit parametrisation of the rotation hypersurface is given by

f(sytay .o tn_1) = (cosh(s)pi(t1,. .., tn-1),...,cosh(s)pn(t1, ..., tn—1),sinh(s),a(s)),

where ¢ = (¢1, ..., pn) is an orthogonal parametrisation of the hyperbolic space
H"~1(~1) in L". This means —p? + @2 +---+ 2 = —1, p; > 0 and f%%%—f; +

.4 Opn Opn _
+ %0 o = i

2
‘ H . Hence we obtain

g—ﬁ = (sinh(s)ep1, ..., sinh(s)p,, cosh(s), d'(s)),
ﬁ _ 91 dpn
o (cosh(s)—— ot .., cosh(s) i ,0,0),

& = (cosh(s)p,...,cosh(s)pn,sinh(s),0),

1 . / . !/ /!
= m(smh(s)a ()1, ... ,sinh(s)a’(s)pn, cosh(s)a'(s), —1).


sibauser
Linea


46 F. Dillen, J. Fastenakels, J. Van der Veken

It turns out that the basis {%, g—tfi, e 63,{1 } diagonalizes the shape op-

erator and the principal curvatures can be computed in the same way as above,
yielding

A
I
S = ,
7
with ST = AT and
N a//(s)
T (L +al(s)2)3/?
B a’(s) tanh(s)
m= (1+d(s)2)/2
In the case that « is a vertical line a(s) = (cosh(c),0, ..., 0,sinh(c), s), with
c € R, we have
A = 0
u = —tanh(c).

4 Case. M™ = H" and P? is degenerate
In this case we work with the following pseudo-orthonormal basis for L"+2:

(o, o I )
617\/5 Ory  Ozpiq )’ en+17\/§ Ory  Orpir)’ ekiaxk

for k € {2,...,n,n + 2} and we may assume that P? is spanned by e,1 and
en+2. Remark that (e1,e1) = {ep41,en41) = 0 and (e1,e,41) = 1. If o is not a
vertical line, we may assume that it is given by

with respect to the basis {e1,...,en42}.
In [3], it was proven that the group Z consists in this case of transformations
of the form A ;), with t € R, i € {2,...,n}, whose action on « is given by
Aya(s) = (5,0, 010, t 0,000, — 55 a(s)
(t,z)OéS—S, [ I N ’.S,’ IERERE S} 2 8270‘5 .
1

This means that a parametrisation of the rotation hypersurface is given by

1 s n
f(s,ta, ... tn) = (s, sta, ..., stp, ~%: 73 Z;t?7 a(s)).
i
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Hence we obtain

of 1 1

7s = Btz g =53 (),

0

67{4: (070"'~70, S 707“-707751’2'70)7
(2

i
1 s 2
€= (s,5ty, o st~ — 5 ) #5,0),

1 1
N=—(sd(s),sd (s)ta, ..., 50 (8)tn, 2—(/(5)—
L4 a/(s)? s

YR ).

The principal curvatures can be computed in an analogous way as before:

 sd/(s) +5%d"(s)

A= (14 s2a/(5)2)3/2
o sa’(s)
wo= 1+ sZa’(s)Z)l/Z’

where A has, in general, multiplicity 1 and 7" is an eigenvector with eigenvalue
A

If v is a vertical line a(s) = (c,0,...,0, —i7 s), with ¢ € R, we obtain
A = 0
nw = -1

4 Criterium

We prove the following criterium for a hypersurface of M"™ x R to be a
rotation hypersurface:

2 Theorem. Take n >3 and let f: M™ — M" x R be a hypersurface with
shape operator

1

with A\ # 1 and suppose that ST = XT'. Assume moreover that there is a func-
tional relation A(p). Then M™ is an open part of a rotation hypersurface.
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Proor. Let Dy and D,, be the distributions spanned by the eigenspaces of
A and p respectively. These distributions are involutive. For D) this is clear,
since it is one-dimensional. For D, we use the equation of Codazzi (2). Take
linearly independent vector fields X and Y in D,,. Then

S[X,Y] = VxSY —VySX —ecosO((Y,T)X — (X, T)Y)
Vx(nY) = Vy(uX)
XY =Y[p]X + p[X,Y].

Now X [u]Y =Y [u]X € D, whereas (S — pid)[X, Y] € Dy, since (S — Aid)(S —
pid) = 0. This implies that X[p] = Y[u] = (S — pid)[X,Y] = 0. Hence D,, is
involutive and g is constant along the leaves of D,. Due to the relation A(u),
we find that A is also constant along the leaves of D,,.

Fix a point p € M™ and denote by My(p) and M,(p) the leaves of D)
and D, through p. On a neighbourhood of p in M™ we choose coordinates
(t,u1,...,up—1) such that T = % and such that (uq,...,u,—1) are local coor-
dinates on M, (p). Let U; = % for i = 1,...,n — 1 and denote by N a unit
normal on the hypersurface.

First we will show that M,,(p) is totally umbilical in E™+2, resp. "2, Denote
by D the covariant derivative in E"+2, resp. L2 and by V the Levi Civita
connection of M" x R. Then

Dy, N = Vy,N = —uU; (4)
DpN = VgN = —)T. (5)
Denoting by A and y/ the derivatives of A and u with respect to t, we find
0 = DrDy,N— Dy, DrN — Dy, 7jN
= Dr(—pUi) — Dy,(=XT)
= 7/LIUZ' — uDrU; + ADy,T
= Ui+ (A= w) Dy, T,
from which
Dy T = U;. (6)

Finally, we have

Dy,§ = (Ui)un = U;. (7)
Equations (4), (6) and (7) yield that M, (p) is totally umbilical in E"*2, resp.
L2, This implies that M,,(p) C P™(p), where P"(p) is an n-dimensional affine
subspace of B2, resp. L"*2. We will now show that these subspaces are parallel
for different leaves of D, i.e. if we vary the point p.
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Consider the following vector field along M, (p):

!

I

X =
A—p

N + uT.

Remark that (U;, X) = 0 and Dy, X = 0. This means that X is a constant
vector field along M, (p), orthogonal to P"(p). Next consider

Y =+ LN
n

Again, we observe (U;,Y) = 0 and Dy, Y = 0, such that Y is also constant along
M,,(p) and orthogonal to P™(p). Since X and Y are linearly independent, we
can consider the plane 7(p) spanned by X (p) and Y (p), which is the orthogonal
complement of P"(p) for every point p € M™. To prove the parallelism of the
subspaces P™(p), it suffices to prove the parallelism of the planes 7(p). Therefore,
we have to show that Dy X and D7Y are in the direction of 7(p). Remark that
from [T, U;] = 0, we obtain

Dy,DrX = DDy, X = D0 =0,
Dy,DyY = DrDy,Y = Dr0 = 0.

Thus D7X and DrY are vector fields which are constant along M, (p) and
which are orthogonal to P"(p). This means that they are in the direction 7(p),
such that the spaces 7(p) and hence P™(p) are parallel.

Now if we move P" along My(p), the intersection with M" x R gives a
rotation hypersurface with axis 7. QED

5 Some applications

In this last section, we will first classify the rotation hypersurfaces of M" x R
which are intrinsically flat. Then we will prove that all rotation hypersurfaces
of M™ x R are normally flat in E"*? resp. L™*2, and to conclude we give a
classification of minimal rotation hypersurfaces of M" x R.

5.1 Rotation hypersurfaces which are intrinsically flat

Rotation hypersurfaces of E**! are flat if and only if n = 2 and the profile
curve is an open part of a line. We will now classify flat rotation hypersurfaces
of S™ x R.
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3 Theorem. Let M™ be a rotation hypersurface of S® x R, with axis P? as
above, which is intrinsically flat. Then n = 2 and the profile curve is either a
vertical line on S' x R or it is parametrized as follows:

a(s) = (005(3)7 0, sin(s), + /OW do) (8)

with C € R.

PROOF. Let M™ be a flat rotation hypersurface of S” x R.
If n > 3, the equation of Gauss (1) yields
A+1—|T|2=0

It is clear that this system has no solutions for A and p.
For n = 2, the equation of Gauss only yields the first equation of (9), which
is equivalent to
Mt = —cos? 6. (10)

Using the results from section 3, we see that this equation is satisfied if « is a
vertical line. If « is not a vertical line, and it is parametrized as before, one sees
that the left-hand side of this equation can be rewritten as

a'(s)a"(s) cot(s)

ST
and the right-hand side as
7] T 7] o
mest =t (o T Gy e
_de 1
14 d'(s)? 1+ d/(s)?
This means that equation (10) is equivalent to
(d'(5)%) + 2tan(s)d’(s)? = —2tan(s),
for which the general solution is given by
d'(s)? = Ccos(s)* — 1, CeR.

Thus an explicit parametrisation of « is given by (8). QED

Next, we look at the flat rotation hypersurfaces of H" x R.
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4 Theorem. Let M™ be a rotation hypersurface of H"* x R, with axis P>
as above, which is intrinsically flat. If n > 3, then P? is either Lorentzian or
degenerate and the profile curve « satisfies the following:

(i) a(s) = (cosh(s), 0, ..., 0, sinh(s), #+cosh(s) + C), with C € R, if P% is
Lorentzian,

(ii) o is a vertical line on H' x R if P? is degenerate.

If n = 2, then the profile curve « is either a vertical line on H' x R or it is
parametrized as follows, with C' € R:

(1) afs) = (cosh(s), 0, sinh(s), :i:/S v/ C cosh(o)? — 1do) if P% is Loren-

tzian,

(ii) as) = (Cosh(s)7 0, sinh(s), i/s /C'sinh(c)? — 1d0) if P? is Rieman-

nian,

1 s 1
(ii1) a(s) = (5, 0, ~25 :I:/ \/C — de'), with respect to the basis
s s0 o

{e1,e2,e3,e4} defined above, if P? is degenerate.

PRrROOF. Let M™ be a flat rotation hypersurface of H" x R.
If n > 3, the equation of Gauss (1) yields

A —1+|T|?=0

Remark that the first equation of this system is equivalent to
Mt = cos? 6. (12)

If « is not a vertical line, it follows immediately from our results in section
3 that the equation p? = 1 only has a solution if P? is Lorentzian, namely
a(s) = fcosh(s) + C. The formula for cos? §, deduced in the proof of Theorem
3, is still valid and hence it is easy to check that the resulting hypersurface also
satisfies (12) and hence is indeed flat. If o is a vertical line, the equation p? = 1
has no solutions if P? is non-degenerate. If P? is degenerate, both equations of
(11) are satisfied for every vertical line.

If n = 2, the equation of Gauss only yields equation (12). We can then
proceed as in the second part of the proof of Theorem 3. QED


sibauser
Linea


52 F. Dillen, J. Fastenakels, J. Van der Veken

5.2 Rotation hypersurfaces which are normally flat in E**2
resp. L2

Let M™ be a hypersurface of M™ x R and denote, as above, by N a unit
normal on M"™, tangent to M" x R, and by £ a unit normal on M" x R. Let Sy
and S¢ be the corresponding shape operators.

The normal connection of M™ as a submanifold of E"*2, resp. L"*2 is given
by

d 0
=—(X, 8xn+2><N’ mw = —(X,T)cos§ N (13)
and
VN = (Vi N,6)¢ = —e(N,Vx£)E = (X, T) cos b &. (14)

We can now prove the following:

5 Theorem. Let M" be a rotation hypersurface of M™ x R. Then M™ is
normally flat in E"+2, resp. L7H2.

PROOF. Denote by R* the normal curvature tensor of M™ as a submanifold
of E"*2, resp. L"*2 and let X and Y be tangent vector fields to M", which are
orthogonal to T.

From (13) and (14), we see that R*+(X,Y) = 0.

Remark that [T, X] has no component in the direction of 7. Indeed, using
(3) we obtain

(T, X],T) = (VX —VxT,T)
= 7<X,VTT>7%X[<T,T)]

1

= —(X,cos0\T) — §X[1 — cos ]
= cosf X|cos0|
= —cosO(uX,T)
0.
This implies that

RY(T, X)N VFVEN = V¥ VN = Vip N
—Vx(ecosf sin2 6 N)
—eX|[cos O sin N,

which is zero because 6 is constant in all directions orthogonal to T', due to (3).
We conclude that R+ = 0. QED
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5.3 Rotation hypersurfaces which are minimal

Minimal rotation surfaces in E3 are catenoids, whereas minimal rotation
hypersurfaces of E**1 are generalized catenoids in the sense of Blair, see for
example [1]. The following theorem gives all minimal rotation hypersurfaces of
S™ x R.

6 Theorem. Let M™ be a minimal rotation hypersurface of S x R, with
axis P% as above. Then the profile curve is either the vertical line

a(s) =(0,...,0,1,s)

or it is given by

a(s) = [ cos(s), 0, ..., 0, sin(s), / ¢ do |,
so /sin(g)2(n=1) — C2

with C € R.

PROOF. In order to find minimal rotation hypersurfaces, we have to solve
the equation

A+ (n—1pu=0. (15)

If «v is a vertical line, the equation reduces to cot(c) = 0, which gives the first
profile curve in the theorem. Remark that the resulting rotation hypersurface
is totally geodesic.

If «v is not a vertical line, equation (15) becomes

a//(s)
I+ a7

a'(s) cot(s)

MR

=0,

which is equivalent to

a//(s)

T aEE T Deot(s).

Integrating both sides of the equation yields
C

a(s) = , CeR
(=) sin(s)2(n=1) — 02

QED

In an analogous way, we can prove the following result.

7 Theorem. Let M" be a minimal rotation hypersurface of H" x R, with
axis P? as above. Then the profile curve is described as follows, with C € R:
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(i) a(s) = | cosh(s), 0, ..., 0, sinh(s), :i:/s

P2 is Lorentzian,

do
sinh(o)2(n=1) — C2

or

(ii) a(s) = | cosh(s), 0, ..., 0, sinh(s), :l:/s

a(s) = (1,0,...,0,s) if P? is Riemannian,

C
do
\/cosh(c)2(n=1) — C2

(iii) a(s)=1|s, O, ... , with respect to

1 S
, 0, ——, i/ Lda
2s s0 o/ o2(n=1) _ 2

the basis {e1,...,enr2} defined above, if P? is degenerate.
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