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THE FLOCK DERIVATION IN 7>(()
POMPEO POLITO

Abstract. When g is an odd prime power, in the generalized quadrangle T>(C)there are two
distinguished sets of points associated with a flock of the guadratic cone: the BLT-set and
the dual flock. We prove here that the union of the dual flock with a special point of T:(C)is
isomorphic to the BLT-set of the same flock.

1 Flock and the dual setting

Throughout this paper g will be an odd prime power.

Let K be a quadratic cone in PG(3,q) with vertex v. A flock F of K is a partition of
K\ {v} into ¢ disjoint irreducible conics (i, (2, ..., G;. The flock ¥ is called linear if all the
g planes of the conics (G contain a common line.

Suppose the quadratic cone K is represented by the equation xpx; — x5 = 0, so v =
(0,0,0,1); if m; is the plane with equation ajxp + bix) + ¢ix2 +x3 = 0, and ( is the inter-
section conic of w; with K, then, by Thas [4], the set F = {G/i=1,...,q} is a flock of K
if and only if (¢; — ¢;)* —4(a; — a;) (bi — b;) is a non-square for all i, j € {1,2,...q}, with
i j.

Let [a, b, c,d] be the plane with equation axg + bx)cx; +dx3 = 0, and denote by & the po-
larity of PG(3, q) defined by (a,b,c,d) «+— |a,b,c,d]. The vertex (0,0,0,1) of K is mapped
by 0 to the plane n with equation x3 = 0. The lines of K are mapped to the tangent lines
to the conic C of m with equation 121 — 4xpx; = x3 = (0. The plane m; is mapped to the point
(a;, bi,ci, 1) which does not belong to m. The set D(F) = {{a;, bi,ci,1)/i=1,2,....q4} is
called the dual flock of F. It easy to see that F is a flock if and only if any of the lines joining
two points of D{ F) intersects T in an interior point of (.

We notice that F is linear if and only if the points of D(F) are collinear.

Let Q(4,q) be the non-singular quadric of the projective space PG(4,q) defined by the
equation xpx| —x% +x3x4 = 0. A BLT — set is a set S of ¢+ | pairwise non-collinear points
of Q(4,q) such that the polar line of the plane joining any three distinct points of .S is exterior
o Q(4,9).

We want to recall here how to obtain a BLT-set starting with a flock (see [1]).

Fix the point Py = (0,0,0,1,0) € Q(4,g). The polar hyperplane x4 = 0 of Py intersects
Q(4,q) in the cone K with equation xox; — x3 = x4 = 0.

Suppose the flock F = {(},...,(,} of K is determined by the planes m; with equations
aixg + bixy + ¢cix2 + x3 = x4 = 0, (recall that the coefficients verify the condition expressed
before).

Let L be the polarity defined by Q(4,¢). The line 1;- intersects Q(4,4) in Py and in the
point P; = (b;,a;, —%c,—i ;'icf —a;b;,1). The set § = {P/i=0,1,...,q} is a BLT-set of the
quadric Q(4,q), and we denote it by B( ¥ ) to emphasize it is associated with the flock 7.
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Remark the flock ¥ is obtained from the BLT-set B(F) by putting G; = Py NP-NQ(4,q),
forie {1,...,q9}.

2 The generalized quadrangle 7>( ()

Let & be any plane of PG(3,¢) and C be an irreducible conic of ®; construct the incidence
structure 75 (C)= (P, L, I) in the following way.
The elements of P (points) are:

1) the points of PG(3,¢)\T;

2) the planes of PG(3,q) containing a tangent to (;

3) the symbol (eo).

The elements of L (lines) are:
a) the lines of PG(3,q) not contained in © and incident with C;
b) the points of (.

Incidence: the points (ee) is incident with each line of type (») and only with them; the
other incidences derive from the usual incidence in PG(3, g). The incidence structure 7>(C)is
a generalized quadrangle of order g (see [3]).

Consider the classical generalized quadrangle associated with the non-singular quadratic
Q(4,q) of PG(4,q) defined by the equation xox; — x3 + x3x4 = 0, and the quadratic cone K
with equation xgx; — x5 = x4 = 0. The hyperplane X : x3 = 0 of PG(4,q) does not contain
Py = (0,0,0,1,0), so ZN K is the conic C defined by xgpx; —x% =x3=x3 = 0; let ® be
the plane of £ containing . Construct in £ ~ PG(3,q) the generalized quadrangle 7>(C)as
above. If [ and m are lines of Q(4,¢q) and y is a point of Q(4, g), then the map 6 defined by

Py =(0,0,0,1,0) — (=),

| —INm, for Py €l C Fy,

y € Py\{Po} =2y NZL,

m¢ Py —<m,(0,0,0,1,0) > NZ,
(a,b,c,c* —ab,1) = (a,b,c,0,1),

is an isomorphism from Q(4,¢) to Tr(C).
Let B(F) be the BLT-set associated with the flock F of K whose planes have equations
aixo+bix)+cixy+x3i=x4=0fori=1,...,q; then

D> D

%cj,ﬂ,l)/iz I,...,q}.

By the isomorphism © we can read the properties of the BLT-set in 73((), thus we can
say that all points of B(F) —{(e)} are of type (1) and all elements of B(¥ ) are pairwise
not collinear; furthermore, if we put Py = (c°), every triad (P;, P;, P) is acentric, thus there
is no point in the quadrangle collinear with all them; then the line /; ; joining P; and P;, for
all i,j € {1,2,...,q} with i # j, intersects the plane 7 in a point interior to the conic C; in
fact it is clear that /; ; intersects m in a point ¥ ¢ C, because P, and P; are not collinear; on
the other hand if Y is a point exterior to C, let ty be one of the tangent lines to C from Y, the
plane o =< t,,l; ; > is a point of T>(C)collinear with P;, P; and Py, but this is impossible; so
the point ¥ 1s interior to (.

B(F)° = B(F) = {(==) } U{P; = (bi,ai, -
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Lemma 1 Let C be an irreducible conic in PG(2,q). Let Uy, Uy and U; be three points of C;
let P and Q be points respectively on the lines < Uy, Uz > and < Us,Us >, and let H be the
common point of the lines < P,Q > and < U,,U; >; the following hold:

(a) If P and Q are both interior points or both exterior points to C then H is exterior;

(b) If P interior and Q is exterior to C then H is interior.

Proof. Suppose P and Q are interior points of C, and let conic C have equation x% — xpx2 = 0.
As PGO(3,q) is 3-transitive on the points of  we can suppose U; = (1,0,0), U, = (0,0,1)
and Us(1,1,1). The line < U;,U3 > has equation x; — x> = 0 and the line < U,,U; > has
equation xg — x; = 0. Let P(vg,v1,y2) and Q = (z9,21,22); then ﬁ — yp¥2 is a non-square in
GF(q) and y| = va, 23 — 722 is a non-square in GF(g) and zo = z;.

The line < Uy,U; > has equation x; = 0, while the line < P,Q > has equation

(2231 = }’IZ{))IU — (z22y0 — 20¥1 ) X1 + (znyn —Zov1 )x2 = 0.

Then the point H has coordinates (zovo — zov1,0,20y1 — 22v1); SO

hi — hohy = (—z0y0 + 201 ) (zoy1 — 22y1) = (27 — 2022) (¥ — yoy2)

1s a square in GF(g), and H is an exterior point to C. The other proofs can be worked out in
a similar way. O

With the above notations we can now prove the following:

Proposition 2 Let S = {Py,Py,..., Py} be a set of g+ 1 points of T> (C), such that Py = (o)
and P; is a point of type (1) for each i > 1. If for each pair (i,]), with i # jand i, €
{1,2,...,q}, the line < P;,P; > in X intersects T in an interior point to C, then each triple
(Pi,Pj, Py), with i # j # k # i, is an acentric triad in T>(C).

Proof. Clearly each triple of type (Fo, F;, P;) is acentric, because all the points of 7> C)collinear
with Py are of type (2), and by assumption, any plane containing the line [ =< P;, P; > inter-
sects 1 in a bisecant or exterior line to C.

Let (P, P;,Py) be a triple of points of § — {Py}; there are no points of type (2) collinear
with two points of the triple, so we can suppose there is a point of type (1) collinear with
all three, say Y remark that the lines [; =< P,,Y >,[; =< P;,¥Y >, [y =< F;,Y > can not be
coplanar, otherwise the points A = ;N C, B=[;NC and C = [;; N C are collinear or two lines
between [;,{;, and /; are coincident, both possibilities contraddicting the hypothesis; hence,
in particular, we can remark that the points 7;, P;, P are not collinear in Z. Then the triangles
P,P;P, and ABC are in a Desargues configuration with the point ¥, so the points

<P,Pi> N <AB>=M,

<P.P> N <AC>=N,
<Pi,F> N <BC>=H,

are collinear, all of them are interior points and H =< M, N > N < B,C >; this is impossible
by Lemma 1. H
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Then we can say the condition that the set § = {(e°)} U{P;/i=1,2,...,q9} C To(C), with
the points P; of type (1), such that each triple of its points is an acentric triad is, 1n fact,
equivalent to the property that each line /; ; =< P, P; >, with i,j € {1,2,...,q} and i # j,
intersects 7 in an interior point to (.

Let £’ be the tangent hyperplane to Q(4.g) at Py with equation x4 = 0, and let ¥ be a
flock of K = £'NQ(4,q) with the above notations; consider the set

Q}(_‘:F)L_J{(m)} = {(m)}U{{:ﬂ;,bg,E;, lvD)ﬁ — ]'.'2:"'2'5"}
2

defined in Section 1 in the generalized quadrangle 73( (') where ' has equation 4xpx — x5
= x3 = x4 = (0. On the other hand, we can consider the set

B(F) = {(W)}U{(h;,ah—%c;?ﬂ, 1)/i=1,2,....q}

in the generalized quadrangle T>(C), where C: xox; —x3 =x3 =x4 =0 isin Z:x3 = 0.
Consider the following isomorphism from X to Z':

¢ : (Iﬂa-r]a-‘tﬁat}u-x-ﬂ) — {-I]a-rﬂa _ZIE:I410];

induces an isomorphism between the generalized quadrangles 7> (C)and 7>( (') that maps the
set B(F) to the set D(F)U{(e)}: hence:

Theorem 3 If F is a flock of a quadratic cone K in PG(3,q), the set D(F)}U {(e<)} and
the BLT-set ‘B('F) are isomorphic; more precisely there is an isomorphism ¢ from T>(C)to
Q(4.q) such that: (=)® = (0,0,0,1,0) and (D(F)U{(=)})® = B(F).

3 The derivation in 73((C)

Now we want to see the g derived flocks directly in the generalized quadrangle 7>(C). As in
Section 2 we denote by {Py,...,P,} the projection of the BLT-set B(¥) = {Po,Py,...,P,}
in the 75((); if K; is the quadratic cone P;- N Q(4,¢), the corresponding element in 7>()is
K;. We can see that, fori = 1,2,...,q. K; is the quadratic cone of £ with vertex P; and plane
section (; while the quadratic cone Ky becomes the whole set of points of type (2) plus the
point (o).

Therefore each conic on K;,i # 0, becomes a conic on K;, while a conic on Ky becomes a
set of g+ | planes of Z, each one containing a tangent line to the conic  and forming a dual
quadratic cone in X.

Proposition él_Ler_i,j €{1,2,...,q}, withi# j. The line <Py, P;, P; >+ s exterior to Q(4,q)
if and only if K; K is the union of two disjoint irreducible conics, of which one is the conic

C.

Proof. The line < Py, P;, P; >~ is exterior to Q(4,q) if and only if the points are not pairwise
collinear on the quadratic and Py~ N P;- N P;- is an exterior line to the quadratic. Let

Cim= F;fl ﬂP,ﬂ'ﬂQ(‘t,f}) = KNKy
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forall /,m € {0,1,...,9}. The conics (},, are pairwise disjoint. Moreover if
ChxNGCrs =0k, r,s € {0,i,j}, and h#rork#s,

then

KiNK;=Ci;jUC

and B
CijNC=0,

On the other hand, since K; N Ky and K; N K are disjoint conics, the quadratic cones K;
and E have no common tangent planes.

Cnnversel}' if we suppose K;NK; = C; ;N C = 0, it 1s clear that the points F; and P; are
not on Pﬂ and the conic K;NK; = G _j 1s disjoint from Kp. Moreover, take P € (5; N CU_;:
with i # j; then P is a point of type (2), thus it is a common tangent plane to the cones K; and
K;: so

PEKiNK;j=PeGj= CijNC#0,

a contradiction; so Gy x N Gy = OVh,k,r,s € {0,i, j} with h # ror k # 5. O

Remark. In the preeceding proposition we have also proved that two quadratic cones
intersect 1in two disjoint irreducible conics if and only 1f they have no common tangent planes.

At this point it is clear that it is possible to look at all derived flocks in the same 3-
dimensional space of the original flock; it will be sufficient applying first the projection 8 and
then the isomorphism ¢; now we want to compute explicitly this procedure.

The projection of K; in T>(C)is:

K : xox) — aixox3 — bixx3 — x3 — cixpx3 + dixy = 0

where d; = a;b; — }c}. So the conics of the flock 7 are given by ;; = K; N K; \C with
j=1,...,q,and j # i, plus the conic C. With a direct calculation we can see that the planes
of the flock F; are:

o X3 = U, and

o : (aj—ai)xo+ (bj—bi)x)+ (c;—ci)xa+(di —dj)x3 = 0, with j # i

Finally by ¢ the equation of the cone K; becomes:

— 1 1
K; L XQX] —aiX|x3 — EX% + Ei‘;',rgxg, — bixpx3 + d,'.r:z._-_ =0,
and the planes forming the derived flock F; in £’ are
{I{] 0, and

(b bi)xo+ (a |[ —a;)x) — (E‘j —ci)x2+ (d; ‘—d‘j).t3 =0, with j # 1.
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